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Abstract
Interwell partitioning tracer tests (IPTTs) are conducted in mature oil fields to estimate 
remaining oil in place, which is crucial for subsequent economic analyses and decisions 
regarding further field development. An IPTT involves the simultaneous injection of two 
types of tracers: conservative and partitioning, that probe the aqueous and oil phases, 
respectively. Although this test requires time, it probes the entire fluid flow path, not just 
the near-wellbore area, as is the case with other methods such as single-well tests. Accurate 
interpretation of interwell tracer test data is of critical importance for the oil and gas indus-
try. Published IPTT case studies lack physical justification for the choice of tracer flow 
models. In this study, we provide such justifications along with guidelines for selecting 
appropriate tracer flow models. First, we review existing models for the transport of par-
titioning and conservative tracers and demonstrate their applicability range based on mass 
conservation analysis. Based on this analysis, we propose a refined model of partitioning 
tracer flow with Robin boundary conditions that accounts for non-equilibrium partitioning. 
Such analysis is missing in the literature. Next, we illustrate errors in estimating remaining 
oil if an inappropriate model is used for data interpretation. Notably, the choice of an incor-
rect model can lead to either underestimation or overestimation of the remaining oil, with 
the latter being of greater financial concern. Finally, we apply the non-equilibrium parti-
tioning model to a published IPTT dataset from a layered carbonate reservoir and compare 
our remaining oil estimates with results of the original study. To the best of our knowledge, 
analysis of such cases with non-equilibrium partitioning has not been documented in the 
literature.

Keywords  Diffusion limited partitioning · Boundary conditions · Non-equilibrium 
partitioning · Mass-balance analysis
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Co	� Tracer concentration in the oil phase (M L−3)
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Cinit	� Initial tracer concentrations (M L−3)
Cinj	� Injected tracer concentrations (M L−3)
C̃(x, t)	� Dimensionless tracer concentration (–)
DH	� Hydrodynamic dispersion coefficient in the longitudinal direction ( L2 T−1)
D

o
m

	� Partitioning tracer molecular diffusion coefficient in the oil ( L2 T−1)
�	� Average characteristic dimension of oil blobs or patches (L)
Dam	� Mass transfer Damköhler number (–). Given by Dam = a

i

V
D

o
m
L∕�v

K	� Partitioning coefficient (–), given by K = Co∕Cw

L	� Characteristic macroscopic length of the domain (m). Distance between inlet/
injection and outlet/production of the solute

�	� Fluid-accessible porosity (–)
PeL	� Longitudinal Péclet number (–). Given by PeL = vL∕DH

R	� Retardation factor (–). Given by R = 1 + KSo∕Sw
r
wo	� Rate of mass transfer from water to oil phase ( ML−3 T−1)
Sw	� Water saturation (–)
So	� Oil saturation (–)
ts	� Injected slug/pulse time (T)
tb	� Breakthrough time or mean residence time (T). Given by 

t
p

b
	� Arrival time of the partitioning tracer (T)

t
c
b
	� Arrival time of the conservative tracer (T)
t̃ 	� Dimensionless time or pore volumes (–). Given by t̃ = vt∕L

u	� Superficial (Darcy) velocity ( LT−1)
v	� Interstitial velocity, given by v = u∕�Sw
x̃	� Dimensionless distance (–). Given by x̃ = x∕L

1  Introduction

In the oil and gas industry, tracer tests are used to determine fluid-accessible pore vol-
ume, dispersivity of a porous medium, reservoir heterogeneity, connectivity between wells, 
and most importantly, to estimate remaining oil saturation—a tool that enables improved/
enhanced oil recovery projects (Brigham and Smith 1965; Cooke 1971; Shook et al. 2009; 
Tang and Harker 1991a; Dwarakanath et al. 1999; Maroongroge 1994; Hartvig et al. 2015; 
Viig et al. 2013; Huseby et al. 2015). In general, two approaches are available: single-well 
and interwell tests. The former involves injecting and producing dissolved tracer into and 
from the same well, whereas the latter uses separate wells for injection and production. 
The advantages and drawbacks are straightforward: single-well tests are fast but probe only 
small near-wellbore regions, whereas interwell tests take a long time (up to years) but pro-
vide a more comprehensive picture. Although some applications can benefit from fast sin-
gle-well test results, accurate estimation of remaining oil for informed business decisions 
favors the use of interwell tests.

To determine oil saturation, two types of tracers should be injected simultaneously 
into the formation: one conservative, which stays only in the aqueous phase, and one 

tb =
∫ ∞

0
C(x = L, t)t dt

∫ ∞

0
C(x = L, t) dt

− ts∕2
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partitioning, which can partition between phases. As such tests are typically performed at a 
mature phase of waterflooding, the oil phase is likely mostly stagnant.

In an interwell tracer test, a small amount of an inert chemical (i.e., conservative tracer) 
is dissolved in aqueous phase and injected into the porous medium at an injection point 
and then is advected toward the outlet. The effluent is continuously collected at the outlet 
or producer well and analyzed for the inert chemical content. The resulting concentration 
breakthrough curve (i.e., concentration vs. time or pore volumes) of the conservative tracer 
carries information about the pore space and flow paths of the porous medium. Moreo-
ver, the conservative tracer serves as an arrival time reference for all other reactive (i.e., 
non-inert) chemical species that may have been injected along with the tracer or originated 
from the porous medium.

Partitioning tracers are chemicals that can partition from the aqueous phase into the 
oil phase. Typically, partitioning tracers are bulky organic molecules, and their transport 
depends on several factors, such as advection and dispersion in the mobile phase, as well 
as the partitioning and diffusion coefficients in the oil phase (Cooke 1971). There are two 
options for describing the partitioning of the tracer between the two phases: equilibrium 
(fast) partitioning characterized by a linear partitioning coefficient, and mass transfer-lim-
ited (slow) partitioning that in the limit reaches the linear equilibrium conditions and is 
characterized by a mass transfer coefficient.

The mass transfer-limited partitioning problem is physically very similar to flow and 
transport in saturated or unsaturated porous media with stagnant zones. In the literature, 
there are two advection–dispersion models with stagnant zones that describe both fast 
and slow diffusion into the stagnant zones (Deans 1963; Coats and Smith 1964; Rao et al. 
1980a, b; Genunchten and Wierenga 1976; Skopp and Warrick 1974). Deans (1963) pre-
sented a dual-zone diffusion model with mass transfer into the stagnant zone. This model 
assumes that a mass transfer coefficient accounts for solute transport in and out of the stag-
nant zone, and the driving force for transport into the stagnant zone is a pore-scale con-
centration gradient. Coats and Smith (1964) extended this model to account for advection, 
which is appropriate for typical reservoir operating conditions. More recently, Niessner and 
Hassanizadeh (2009) derived an interphase kinetic mass transfer model from thermody-
namic principles and included the specific interfacial area as a model parameter.

However, such models are not precisely equivalent to partitioning tracer transport with 
stagnant oil because the physico-chemical processes are different. In the stagnant zones 
model, mass transfer occurs between mobile and immobile zones of the same fluid, so the 
driving force is only the concentration difference within the same phase. In the partitioning 
tracer transport with stagnant oil model, mass transfer occurs between mobile and immo-
bile zones of different fluids. The  driving force is the concentration difference between 
phases and is characterized by a linear equilibrium partitioning coefficient, which defines 
the distribution of the partitioning tracer in the phases.

If the partitioning of the tracer into the stagnant oil phase occurs rapidly, the equilib-
rium partitioning model is sufficient. Raimondi and Torcaso (1965) conducted coreflood-
ing experiments with conservative and partitioning tracers. In their experiments, despite 
increased flow velocity, all experiments appeared to be under equilibrium conditions. So, 
experimental evidence suggests equilibrium partitioning under broad experimental condi-
tions. However, reservoir-scale processes differ  substantially from lab-scale experiments, 
so the equilibrium assumption may not hold. The transport equation for equilibrium par-
titioning conditions is identical to that of adsorptive transport with a retardation factor. In 
the partitioning tracer case, however, the retardation factor depends on the remaining oil 
saturation (Genunchten 1981; Nkedi-Kizza et  al. 1984). Indeed, Cooke (1971) patented 
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a method to estimate remaining oil saturation simply from the arrival times of conserva-
tive and partitioning tracers, based on equilibrium partitioning. Cooke’s approach has been 
widely used in industry to estimate remaining oil.

More importantly, most, if not all, published analyses of interwell partitioning tracer 
tests assume fast equilibrium of the partitioning tracer with the oil phase. Non-equilibrium 
conditions are not considered explicitly (Hartvig et al. 2015; Viig et al. 2013; Huseby et al. 
2015; Sanni et  al. 2016). Some Lattice Boltzmann formulations incorporate tracer parti-
tioning physics implicitly (Berkowitz et al. 2008; Khirevich and Patzek 2019). However, to 
our knowledge, no published continuum models describe tracer flow with non-equilibrium 
partitioning into stagnant oil, with the partitioning defined by a partitioning coefficient and 
governed by a mass transfer rate.

The interpretation of conservative tracer data relies on the solution of the advection–dis-
persion equation (ADE). Although reservoirs are 3D structures, most, if not all, published 
interpretations of partitioning tracer tests are based on 1D models   (Brigham and Smith 
1965; Tang and Harker 1991a, b; Viig et al. 2013; Sanni et al. 2016). However, as we show 
below, even applying 1D models for tracer data interpretation is challenging. A thorough 
understanding of a simplified 1D case serves as a basis for more complex and precise 3D 
reservoir descriptions. Several studies address stratified reservoirs with layers of varying 
permeability. In 1D modeling, tracer data from such reservoirs can typically be modeled 
with a volume-averaged sum of concentrations in individual layers (Brigham and Smith 
1965; Shook et al. 2009; Abbaszadeh-Dehghani and Brigham 1984). Although with some 
caveats, the 1D assumption provides a simple yet powerful model to analyze interwell 
tracer tests.

Many 1D analytic solutions for various combinations of boundary conditions are availa-
ble in the literature (Lapidus and Amundson 1952; Danckwerts 1953; Pearson 1959; Lind-
strom et al. 1967; Lindstrom 1969; Genunchten and Parker 1984; Cleary and Adrian 1973). 
Lapidus and Amundson (1952) presented analytic solutions for continuous concentration 
boundary conditions at the inlet (Dirichlet BC) and zero-gradient (Neumann) boundary 
conditions at the outlet in a semi-infinite domain. Danckwerts (1953) introduced the contri-
bution of dispersion at the inlet boundary (Robin BC, or third type BC). This causes a con-
centration jump at the inlet of the domain relative to the injected concentration and ensures 
continuous flux at the inlet. Danckwerts (1953) used zero-gradient BC (or no dispersive 
flux) at the outlet (Neumann BC). Later, Pearson (1959) confirmed these boundary condi-
tions via mathematical analysis.

The discussion regarding appropriate boundary condition choice has been ongoing for 
decades. Levenspiel noted that some authors propose “mathematically attractive, but physi-
cally absurd boundary conditions” (Levenspiel and Smith 1979). For highly dispersive for-
mations, Danckwerts introduced the most appropriate boundary conditions for a packed 
column (Danckwerts 1953; Pearson 1959; Genunchten et al. 2013; Golz 2004; Kreft and 
Zuber 1978). Novakowski (1992) showed that, using the boundary conditions of Danckw-
erts, only the infinite series solution, obtained by Brenner, conserves mass. Van Genuchten 
et al. compiled several analytic solutions to the ADE for different boundary condition com-
binations (Genunchten and Parker 1984; Genunchten et al. 2013; Genunchten and Wiere-
nga 1986; Parker 1984). In this study, we demonstrate that only the analytic solutions with 
Dirichlet BC at the inlet and semi-infinite domain, as well as Robin BC at the inlet and 
Neumann BC at the outlet (i.e., Danckwerts-type) are mass conservative across a broad 
range of dispersion coefficient values and, accordingly, are adopted here. The validity of 
these solutions at high dispersion coefficients is especially critical, as both laboratory and 
field tracer data from limestone formations, such as Arab D, exhibit high dispersivity.
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In this study, we review current tracer flow models. We systematically assess pub-
lished analytic solutions for conservative tracer flow and discuss their applicability limits 
based on the choice of boundary conditions. Next, we formulate a partitioning tracer flow 
model with non-equilibrium partitioning due to mass transfer limitations. We then compare 
remaining oil saturation estimates using equilibrium and non-equilibrium models, demon-
strating potential errors and the applicability range of Cooke’s equation. Additionally, we 
compare errors in remaining oil saturation estimates using traditional peak arrival times 
against the more rigorous mean arrival times. Finally, we apply our findings to analyze 
a published partitioning tracer dataset and compare our results with those of the original 
study (Sanni et  al. 2016). In this study, we analyze dimensional concentration histories 
derived from solutions of non-dimensional ADEs. In contrast, Shook (2005) interprets 
field tracer tests using the residence time distribution as a function of time. Mathematical 
solutions of the ADE apply equally to both concentration histories and residence time dis-
tributions, provided the same average injection flow rate and injected mass are considered. 
The flow rate is nearly constant in the field case analyzed below. So, conversion between 
the two languages is straightforward.

2 � Theory

Mass Conservation Equations for Tracer Transport
The one-dimensional macroscopic transport of any tracer traversing in the aqueous 

phase through a homogeneous porous medium in the presence of a stagnant oil phase is 
described by

and

where Cw and Co are average tracer concentrations in the water and oil phases (M L−3 ), 
respectively, u is the superficial (Darcy) velocity (L T−1 ), DH is the hydrodynamic disper-
sion coefficient in the longitudinal direction ( L2 T−1 ), � is the fluid-accessible porosity (–), 
Sw and So are saturations of water and oil (–), respectively, and rwo denotes the rate of trans-
fer of solute from the water phase and into the oil phase (M L−3 T−1 ). The interstitial veloc-
ity, v, is given by v = u∕�Sw . These equations assume constant porosity, uniform water and 
oil saturation throughout the domain, uniform Darcy velocity, and uniform and constant 
hydrodynamic dispersion coefficient along the longitudinal direction.

Conservative Tracer
An appropriate expression is needed for rwo . For a conservative tracer, this term will be 

zero, meaning that only Eq. 1 with rwo = 0 is needed. Thus,

In dimensionless form, Eq. 3 becomes

(1)�Sw
�Cw

�t
+ u

�Cw

�x
− �SwDH

�2Cw

�x2
= −rwo

(2)�So
�Co

�t
= rwo

(3)
�Cw

�t
+ v

�Cw

�x
− DH

�2Cw

�x2
= 0
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where PeL = vL∕DH , x̃ = x∕L , t̃ = vt∕L , L is the characteristic length between inlet and 
outlet (injector and producer), and C̃(x, t) = (C(x, t) − Cinit)∕(Cinj − Cinit) , where subscripts 
“init” and “inj” denote initial and injected concentrations, respectively.

Partitioning Tracer—Equilibrium
For a partitioning tracer, two approaches are possible. If the rate of mass transfer from 

water to oil is fast relative to the advective flux, one may assume equilibrium partition-
ing; that is, the solute concentration in oil is an algebraic function of the solute concentra-
tion in water at any given location and time. Typically, a linear dependence is assumed as 
Co = KCw , where K is known as the partitioning coefficient (–). Summing Eqs. 1 and 2 and 
substituting KCw for Co , we obtain

where R = 1 + KSo∕(1 − So) is the retardation factor. It is evident that we retrieve the mass 
conservation equation for a conservative solute by setting R = 1.

In dimensionless form, Eq. 5 becomes

Partitioning Tracer—Non-equilibrium
In cases where the mass transfer rate is slow relative to the advective flux, the local 

equilibrium assumption is no longer valid. Two mass transfer processes arise in the sys-
tem: mass transfer of partitioning tracer from the bulk aqueous phase to the concentration 
boundary layer near the brine–oil interface, and slow diffusion of the partitioning tracer 
from the oil–brine interface to the center of the oil blob. The latter process is  typically 
limiting. As such, the mass transfer in the aqueous phase can be neglected and the mass 
conservation equation can be parameterized with the following linear kinetic process: 
rwo = ��(KCw − Co) . Then Eqs. 1 and 2 become

and

where � = ai
V
Do

m
∕� is the diffusive mass-transfer rate coefficient for partitioning tracer oil 

phase diffusion ( T−1 ); ai
V
 is the specific surface area of the oil–brine interface ( L−1 ); Do

m
 

is the partitioning tracer molecular diffusion coefficient in the oil ( L2 T−1 ); and � is the 
average transverse characteristic dimension of oil blobs (L). In the discussion pertaining to 
the partitioning tracer transport in the oil phase, the term mass transfer refers to the tracer 
transport by diffusion.

In dimensionless form, Eq. 7 for the mobile phase becomes

(4)
�C̃w

�̃t
+

�C̃w

�x̃
−

1

PeL

�2C̃w

�x̃2
= 0

(5)R
�Cw

�t
+ v

�Cw

�x
− DH

�2Cw

�x2
= 0

(6)R
�C̃w

�̃t
+

�C̃w

�x̃
−

1

PeL

�2C̃w

�x̃2
= 0

(7)�Sw
�Cw

�t
+ u

�Cw

�x
− �SwDH

�2Cw

�x2
= −��(KCw − Co)

(8)�So
�Co

�t
= ��(KCw − Co)



Physical Interpretation of Interwell Partitioning Tracer… Page 7 of 27     66 

where Dam = ai
V
Do

m
L∕�v is the mass transfer Damköhler number.

Then, Eq. 8 for the immobile oil phase becomes

2.1 � Boundary Conditions

The solution of these partial non-homogeneous differential equations requires two bound-
ary conditions (BC) at the inlet and outlet for Cw , and two initial conditions for Cw and 
Co . The initial conditions ( t = 0 ) are Cw(x, 0) = 0 and Co(x, 0) = 0 . The choice of bound-
ary conditions depends on the specific problem and physical conditions. Commonly used 
boundary conditions are summarized in Table 1.

The injected concentration for a pulse injection, Cinj(t) , is given by

where ts is the injected slug/pulse duration.
The analytic solution for a pulse injection of solute is given by

where A is a superposition of complementary error functions, whose final form depends 
on the choice of boundary conditions. Analytic solutions for all the boundary conditions in 
Table 1 are presented in Appendix 1.

(9)
�C̃w

�̃t
+

�C̃w

�x̃
−

1

PeL

�2C̃w

�x̃2
= −

Dam

Sw
(KC̃w − C̃o)

(10)
�C̃o

�̃t
=

Dam

So

(

KC̃w − C̃o

)

(11)Cinj(t) =

{

Cinj, 0 < t ≤ ts
0, t > ts

(12)C(x, t) =

{

A(x, t), 0 < t ≤ ts
A(x, t) − A(x, t − ts), t > ts

Table 1   Boundary conditions (BC) sets, their mathematical expressions for inlet and outlet, and references 
to authors who used them

The outlet BC at x = ∞ represents a semi-infinite domain, and at x = L represents a finite domain (Neu-
mann BC)

BC set BC inlet ( x = 0) BC outlet

DS (Lapidus and Amundson 1952) Dirichlet C(0, t) = Cinj(t) �C(x,t)

�x

|

|

|

|x=∞

= 0

DN(Cleary and Adrian 1973) Dirichlet C(0, t) = Cinj(t) �C(x,t)

�x

|

|

|

|x=L

= 0

RS(Lindstrom et al. 1967; Lindstrom 1969) Robin C(0, t) −
D

H

v

�C(0,t)

�x
= Cinj(t) �C(x,t)

�x

|

|

|

|x=∞

= 0

RN(Danckwerts 1953; Pearson 1959; Brenner 
1962)

Robin C(0, t) −
D

H

v

�C(0,t)

�x
= Cinj(t) �C(x,t)

�x

|

|

|

|x=L

= 0
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2.2 � Mass Balance Analysis

For further analysis, it is useful to define the breakthrough time. The definition of break-
through time varies across different fields. In hydrology, breakthrough time is defined as 
the appearance of the injected solute at x = L , using the mean residence time of an effluent 
(Danckwerts 1953; Shook 2005). In the geothermal field, breakthrough time refers to the 
arrival of the cold injection front at the production well. In the oil and gas industry, break-
through time indicates the first appearance of an injected fluid at the outlet or producer 
(SLB Glossary: Breakthrough, https://​gloss​ary.​slb.​com/​en/​terms/b/​break​throu​gh). The oil 
and gas industry does not typically use the mean residence time concept, although lately 
some authors have started using it  (Shook 2005; Shook et  al. 2009; Sanni et  al. 2016). 
Unfortunately, the first appearance time provides minimal information for further analysis. 
Therefore, in the following, we use the mean residence time (MRT) as the breakthrough 
time.

Estimation of mean residence time depends on the type of injection (i.e., pulse or 
step). For continuous (step) injection, the breakthrough time is derived through mass bal-
ance  (Danckwerts 1953; Levenspiel 1999; Yutkin et  al. 2022). However, this definition 
for continuous injection is not required for our analysis, as we are focused on pulse injec-
tion schemes. For a pulse (slug) injection, the breakthrough time is determined using the 
method of moments, as the concentration-weighted arrival time normalized to the total 
injected mass minus one half the injected slug/pulse duration (Dwarakanath et  al. 1999; 
Shook 2005; Levenspiel 1999).

where tb is the breakthrough or mean residence time, and ts is the injected slug/pulse dura-
tion. It can be shown that Eq. 13 applies to dimensionless breakthrough curves as well. By 
definition, the dimensionless mean residence time or dimensionless breakthrough time of a 
conservative tracer is equals to unity. Note that, when the pulse duration is infinitesimally 
small, as in field-scale injection, the breakthrough time corresponds to the mean of the 
concentration distribution over time (breakthrough curve).

2.3 � Remaining Oil Saturation

Cooke (1971) patented a method for determining fluid saturations in reservoirs, which 
involves the injection of tracers with different partitioning coefficients between an injector 
and a producer well, followed by measurement of the tracers’ arrival times. Using mass 
balance and chromatography principles, and assuming an immobile oil phase, the remain-
ing oil saturation in the probed volume is given by

where K is the partition coefficient, tp
b
 is the arrival time of the partitioning tracer, and tc

b
 is 

the arrival time of the conservative tracer. The term “arrival time” is used here intention-
ally, as in Cooke’s patent, arrival time is determined by the location of the peak on the 

(13)tb =
∫ ∞

0
C(x = L, t)t dt

∫ ∞

0
C(x = L, t) dt

−
ts

2

(14)So =
t
p

b
− tc

b

t
p

b
+ tc

b
(K − 1)

https://glossary.slb.com/en/terms/b/breakthrough
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concentration distribution curve (Cooke 1971). However, more rigorously, tp
b
 and tc

b
 should 

correspond to the mean residence times of partitioning and conservative tracers, respec-
tively. The lack of distinction between peak and mean residence times can lead to errors in 
breakthrough data interpretation, as will be demonstrated below.

3 � Methodology

The conservative tracer transport model used for the mass balance analysis (Eq.  4) was 
used in analytic form for the boundary conditions listed in Table 1, assuming zero initial 
conditions, Cw(x, 0) = 0 . Further analyses utilized only Robin–Neumann boundary condi-
tions, following validation that they were the most suitable BC for our highly dispersive 
systems (see Results section).

Next, the conservative tracer (Eq. 4) and equilibrium partitioning tracer transport (Eq. 6) 
models were used in the forms of both approximate and infinite series analytic solutions for 
Robin–Neumann boundary conditions (see Appendix 1).

The non-equilibrium partitioning tracer transport governing equations (Eqs. 9 and 10) 
were solved numerically in COMSOL. COMSOL verification is presented in Appendix 2.

Finally, the fitting of field IPTT data was based on a reverse-engineered process. Fol-
lowing Shook et al. (2009) for multilayer systems, the concentration breakthrough curve at 
the producer well represents the combined contributions of solutes from each layer and is 
given by

where Qj is the flow rate of layer j, Cj(t) is the concentration history of layer j, and N is the 
number of layers. First, we fitted the conservative tracer data with the analytic solution 
under RN boundary conditions. The best-fitting model was obtained by solving an optimi-
zation problem, where breakthrough time and Péclet number were the fitting parameters. 
Breakthrough time (MRT) cannot be determined from incomplete highly skewed concen-
tration histories. But rather, MRT has to be obtained by fitting a physically appropriate 
model to the incomplete data.

Data used as input in the model are the interwell distance (610  m), and the aver-
age injection rate (8000 BPD), derived from the E(t) and C(t) relationship, and the data 
reported in Sanni et al. (2015). The model has two dimensionless parameters, which are 
the Péclet number and the mean residence time (MRT). In dimensional units, these corre-
spond to fitting the interstitial velocity and hydrodynamic dispersion coefficient. The ana-
lytic solution was computed in dimensionless units with the assumed Péclet number and 
then scaled to dimensional units using the assumed breakthrough time. This process was 
repeated across a range of Péclet numbers and breakthrough times, and the solution with 
the least error was chosen.

Then, reference Péclet number and breakthrough time from the best-fitting conservative 
tracer model were used in both equilibrium and non-equilibrium partitioning tracer mod-
els. Fitting the partitioning models to the partitioning data involved another optimization 
problem, with oil saturation and Damköhler number as fitting parameters. For the equilib-
rium model, only oil saturation was a fitting parameter. The partitioning tracer models were 
solved numerically in COMSOL in dimensionless units, then scaled to dimensional units 

(15)C(t) =

∑N

j=1
Cj(t)Qj(t)

∑N

j=1
Qj(t)

; j = 1, 2,… ,N
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using the breakthrough time from the conservative tracer fit. This process was repeated for 
oil saturations from 0.1 to 0.3, in linearly spaced sampling intervals, and for Damköhler 
numbers (non-equilibrium partitioning) between 1 × 10−4 and 1 × 104 , in logarithmically 
spaced sampling intervals. The numerical solution with the least error ( L2-norm) was 
selected as the best-fit.

4 � Results

4.1 � Mass Balance Analysis

We begin validation of the analytic solutions for Eq.  4 by calculating the mean resi-
dence time (MRT) using the method of moments, as outlined in the Theory section.

For a conservative tracer with an infinitesimally small injection volume, the dimen-
sionless MRT should be unity (i.e., one pore volume). If the dimensionless MRT devi-
ates from unity for a given solution, it indicates issues with mass conservation. Using 
this criterion, we assess the validity range of the analytic solutions of the ADE (Eq. 4) 
under the various boundary conditions presented in Table 1.

Figure  1a presents conservative tracer concentration breakthrough curves obtained 
from the analytic solutions of Eq. 4 for all four sets of boundary conditions in Table 1, 
shown on a dimensionless scale with a Péclet number equal to two. Each concentration 
breakthrough curve exhibits a distinct shape. The vertical lines indicate the dimension-
less breakthrough times ( ̃tb ) of each curve. Although the graph is truncated at three pore 
volumes, the analysis was conducted over the entire dataset, extending up to 15 pore 
volumes (further extension of the calculation domain did not affect the results).

When the calculated MRT deviates from unity, mass is not conserved. Thus, the mass 
balance analysis shows that at PeL = 2 , two analytic solutions Robin SemiInf (RS) and 
Dirichlet Neumann (DN)-do not conserve mass, while two solutions—Dirichlet SemiInf 

Fig. 1   a Analytic concentration histories for conservative tracer pulse at boundary conditions presented 
in Table 1. The vertical lines with annotations show the calculated breakthrough times ( ̃tb ) using Eq. 13. 
PeL = 2 . x̃ = 1 . t̃

s
= 0.01 . b Absolute mean residence time residuals for conservative tracer at different 

Péclet numbers. RN plots for PeL < 3 were obtained with Brenner infinite series analytic solution  (Bren-
ner 1962). For PeL ≥ 3 we use the RN approximated analytic solution (see Appendix 1). The black vertical 
dashed line corresponds to the example in the left graph ( PeL = 2)
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(DS) and Robin–Neumann (RN)—do conserve mass. These findings align with the 
results obtained by Van Genuchten and Wierenga, who compared the “holdup” of differ-
ent solutions with the theoretical retardation factor.

Figure 1b examines the mass conservation error in the four analytic solutions across 
a broad range of longitudinal Péclet numbers, from 1 to 500. We plot the conservative 
tracer MRT (i.e., must be equal unity) residuals vs. a range of Péclet numbers. At longi-
tudinal Péclet numbers above 100, all four analytic solutions perform very well in terms 
of mass conservation. However, below PeL = 100 , both RS and DN solutions fail to con-
serve mass, and the mass conservation error increases as the Péclet number decreases.

The analytic solutions for DS and RN boundary conditions (see Appendix  1) main-
tain mass conservation over a wide range of Péclet numbers down to PeL = 3 . Below 
this threshold, both solutions exhibit a minor mass conservation issue. Notably, Bren-
ner’s  (1962) infinite series solution conserves mass perfectly even at PeL < 3 . Our find-
ings on mass conservation error are consistent with the conclusions drawn by Novakowski 
(1992).

Thus, for a highly dispersive formation, careful selection of boundary conditions 
is essential. We demonstrate that only the analytic solutions with Dirichlet SemiInf and 
Robin–Neumann BC are mass conservative across a broad range of Péclet numbers. The 
validity of these solutions at low Péclet numbers is especially critical, as both laboratory 
and field tracer data from limestone formations, such as Arab D, exhibit high dispersivity 
and, consequently, low Péclet numbers (Yutkin et al. 2022). Using non-mass-conservative 
solutions to describe tracer flow in such rock leads to a significant misrepresentation of the 
rock properties.

4.2 � Estimation of Remaining Oil Saturation

The transport of a conservative tracer is governed by Eq.  3 (or Eq.  4 in dimensionless 
form), whereas the transport of an equilibrium partitioning tracer is governed by Eq. 5 (or 
Eq. 6 in dimensionless form). Using Eq. 6, the remaining oil saturation can be readily cal-
culated from the breakthrough times of both tracers and the partitioning coefficient meas-
ured in the laboratory. This calculation follows the well-known Cooke’s equation (Eq. 14).

Figure  2a illustrates the successful application of Cooke’s equation for estimating 
remaining oil in a system where the partitioning tracer attains equilibrium conditions. Two 
tracers are injected simultaneously into a model system containing 20% stagnant remaining 
oil. The conservative tracer arrives at 1 pore volume (PV), as indicated by the dimension-
less breakthrough time of unity. The partitioning tracer is delayed according to the linear 
adsorption isotherm with K = 2 (corresponding to R = 1.5 ) and thus arrives at a dimen-
sionless breakthrough time of 1.5. These breakthrough times are then input into Eq. 14, 
yielding a remaining oil saturation of 0.2, which perfectly matches the reference value.

In the oil and gas literature, tracer breakthrough times are often replaced with tracer 
peak times. Tracer peaks are indeed much easier to identify, as they require no compu-
tational analysis and can simply be assigned by eye, assuming they are not missed dur-
ing measurements. During an IPTT, determining the MRT may take several years of well 
flooding because it requires capturing the entire breakthrough curve, whereas peaks often 
appear within a much shorter time frame, facilitating quicker decision-making. How-
ever, using peak time instead of MRT to estimate tracer breakthrough time is valid only 
when breakthrough curves are symmetric, which is typically not the case. For skewed 
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breakthrough curves, a mass balance analysis (see Theory section) must be conducted to 
determine the tracer’s breakthrough time accurately.

Figure 2b compares the deviation of remaining oil saturation estimates obtained using 
peak and breakthrough times across different Péclet numbers and injected tracer pulse vol-
umes. The reference oil saturation of 0.2 is consistently obtained using the mean residence 
time (solid black circles), regardless of pulse injection size. However, using peak time for 
large tracer pulses—typical of laboratory experimental setups (for example, t̃s = 0.2)—
leads to substantial underestimation of remaining oil (red triangles). Conversely, using very 
short but concentrated tracer pulses, which is typical in field tracer tests, introduces only a 
minor error in the estimated oil saturation (red crosses).

We can therefore conclude that using peak time for very short tracer pulses ( ̃ts ≤ 0.01 ) 
may be acceptable for estimating remaining oil, provided that equilibrium is reached. 
Despite this close agreement, Cooke’s equation must be applied with caution if the parti-
tioning equilibrium assumption does not hold. We address this case below.

Non-equilibrium in tracer partitioning arises from the slow diffusion of large tracer mol-
ecules toward the center of oil blobs or patches, or when the advection rate exceeds the 
mass transfer rate, preventing equilibrium from being reached. Non-equilibrium in parti-
tioning tracers is described by Eqs.  7 and 8 (or in dimensionless form, Eqs.  9 and 10). 
Therefore, Cooke’s equation is valid only under certain conditions where non-equilibrium 
effects are limited.

Three types of behavior for Eqs.  7 and 8 can be deduced by examining the follow-
ing extreme cases. First, when the mass transfer rate is much greater than the flow rate 
(i.e., Dam ≫ 1 ), the equilibrium concentration of the partitioning tracer in the oil phase 
is attained, making this process equivalent to the equilibrium case described above. Sec-
ond, when the mass transfer rate is much slower than the flow rate ( Dam ≪ 1 ), no parti-
tioning tracer enters the oil phase, rendering the scenario equivalent to conservative tracer 

Fig. 2   a Dimensionless concentration histories of conservative (solid line) and partitioning (dot-dashed 
line) tracers at equilibrium. x̃ = 1 . Pe = 2. t̃

s
= 0.2 . For partitioning tracer, So = 0.2 and K = 2 ( R = 1.5 ). 

t̃
c
b
 and t̃p

b
 are the calculated breakthrough times of the conservative and partitioning tracers, respectively. b 

Remaining oil saturation calculated using Cooke’s equation at various Péclet numbers, for conservative and 
equilibrium partitioning tracers. Black filled circles are calculated using mean residence time. Red filled tri-
angles and crosses are calculated using the peak (mode) of the concentration distributions for t̃

s
= 0.2 and 

t̃
s
= 0.01 , respectively. K = 2 , reference oil saturation, So = 0.2 , and PeL = 2
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flow. Finally, when the mass transfer and flow rates are approximately equal ( Dam ∼ 1 ), 
an intermediate case occurs, requiring a numerical solution to determine the remaining oil 
saturation.

Figure 3a demonstrates the failure of Cooke’s equation for estimating remaining oil in 
a non-equilibrium system. Two tracers are injected simultaneously into a model system 
containing 20% stagnant remaining oil. The conservative tracer arrives with a mean resi-
dence time equal to unity. The maximum delay of the partitioning tracer corresponds to the 
linear adsorption isotherm with K = 2 . However, due to non-equilibrium partitioning, the 
mean residence time of the partitioning tracer is 1.35, which is sooner than in the equilib-
rium case ( R = 1.5 ). Substituting the obtained mean residence times of the conservative 
and partitioning tracers into Eq. 14 yields a remaining oil saturation of 0.15, which does 
not match the reference value of 0.2.

Figure  3b graphically shows the deviation of the remaining oil saturation from the 
reference value of 0.2, obtained using peak and breakthrough times at PeL = 2 across a 
range of non-equilibrium conditions characterized by the Dam number. Using mean resi-
dence time allows for an accurate estimation of remaining oil at Dam > 0.1 (solid black 
circles) when applying Cooke’s equation. If minor deviation is acceptable, this limit can 
be slightly reduced. Conversely, using peak times to estimate remaining oil saturation is 
generally unjustified. For large tracer pulses, such as those typical in the laboratory, there 
is significant underestimation of remaining oil even at high Dam values ( Dam > 10 ), as 
indicated by the red triangles in Fig. 3b. Short tracer pulses do not improve accuracy; for 
Dam > 10 (approaching equilibrium conditions), using peak time leads to an overestima-
tion of remaining oil, which is a more unfavorable error from a financial perspective.

These results are presented for PeL = 2 . At high Péclet numbers, the tracer break-
through profiles become symmetric, and the difference between the peak and mean of the 
concentration distribution for the conservative tracer vanishes. For partitioning tracers 

Fig. 3   a Dimensionless concentration histories of conservative (solid line) and partitioning (dot-dashed 
line) tracers at non-equilibrium conditions. x̃ = 1 . PeL = 2 . t̃

s
= 0.2 . For the partitioning tracer, So = 0.2 

and K = 2 ( R = 1.5 ). t̃c
b
 and t̃p

b
 are the calculated breakthrough times of the conservative and partitioning 

tracer, respectively. b Remaining oil saturation calculated with Cooke’s equation under different Damköhler 
numbers using the non-equilibrium partitioning tracer model. Black filled circles are calculated using mean 
residence time. Red triangles and crosses are calculated using the peak (mode) of the concentration distri-
butions for t̃

s
= 0.2 and t̃

s
= 0.01 , respectively. K = 2 , reference oil saturation, So = 0.2 , and PeL = 2
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under non-equilibrium conditions, however, truly symmetric peaks cannot be achieved 
due to delayed release times from the oil phase. We present the results for PeL = 100 in 
Appendix  3. At high Péclet numbers, the MRT (Eq.  13) becomes interchangeable with 
tb = tpeak − ts∕2 , providing an accurate remaining oil saturation estimate using Cooke’s 
equation. In other words, instead of using peak time directly in Cooke’s equation, it is pref-
erable to use tb calculated from the peak time. Note that this approach is only valid at high 
Péclet numbers, where the analytic solutions are symmetric.

The values of Dam can be estimated if the petrophysical properties of the formation, 
along with oil physical properties and flow velocity, are known. Such estimates can guide 
the selection of an appropriate model to interpret experimental or field data. For exam-
ple, Table 2 presents Dam values bracket for a wide range of properties (see Appendix 4). 
Although Dam may vary widely, the range can be significantly narrowed when specific for-
mation and oil properties are known.

4.3 � Field Application

In this section, we apply our physics-based approach to published interwell tracer data to 
estimate the remaining oil saturation (Sanni et al. 2015, 2016, 2017).

We employ our approach to analyze results from an interwell partitioning tracer test 
conducted after a successful waterflooding of a Jurassic-age carbonate reservoir (Sanni 
et al. 2015, 2016, 2017). Consequently, remaining oil saturation conditions were expected. 
Geological characterization indicates that the reservoir is a dual-layer carbonate system; 
one layer consists of diagenetic dolomites (referred to below as the first layer), which is 
believed to facilitate fast breakthrough (Sanni et al. 2017). The configuration includes an 
injector and a producer well, separated by approximately 610 m. The field test involved 
injecting one conservative tracer, WT-60, and three partitioning tracers, WTP-2 ( K = 2.1 ), 
WTP-3 ( K = 2.1 ), and WTP-4 ( K = 4 ). Reported injected concentrations were a 
28.6 kg/m3 solution for the conservative tracer and 1000 kg/m3 (most probably as 100% 
active material) for the partitioning tracers. According to Sanni et al. (2016), “the tracers 
were added “on-the-fly” during normal operation of the water injection wells and were 
thereby diluted to low ppm concentrations in the injection water immediately”. The actual 
injected concentration after dilution is unknown. Upon closer examination, the published 
datasets appear to originate from different experiments. We use the data presented by Sanni 
et al. (2016).

The original approach in Sanni et al. (2016) employs an analytic solution proposed by 
Viig et al. (2013). The fitting parameters for this type curve included total mass injected, 
dispersion coefficient, and pulse time. Their estimation of remaining oil saturation was 
based on independent curve fittings of the conservative and partitioning tracer break-
through curves using Viig et al.’s type curve. While this is a viable approach, it disregards 
the continuity of physical properties between conservative and partitioning tracer flows.

In contrast, our approach fits coupled conservative and partitioning tracer equations, 
consistent with the physical representation of the reservoir, resulting in improved fit quality.

Moreover, the analytic solution used in the original study applied non-mass-conserv-
ative boundary conditions, meaning it does not conserve mass at the longitudinal Péclet 
numbers observed in the reservoir. In our approach, we use a validated analytic solution for 
conservative tracer flow and apply the same boundary conditions for all further analyses.
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The original study uses peak times and MRT as input to Cooke’s equation for estimating 
remaining oil. However, the final predictions of remaining oil based on peak times were 
considered more accurate, as those did not depend on data extrapolation. In our approach, 
we base the remaining oil interpretation on tracer mean residence times. Where necessary, 
we solve the partitioning tracer flow numerically, as Cooke’s equation is not applicable for 
remaining oil estimation under non-equilibrium partitioning conditions, which are present 
in this reservoir.

Despite these shortcomings, we assume the reported average remaining oil saturation of 
0.2 in the original study is accurate, as it was cross-validated using other reservoir charac-
terization methods. To the best of our knowledge, no records exist in the literature of this 
analysis or similar approaches being applied to field-scale interwell tracer data.

Figure 4 presents conservative tracer concentration histories, C(t) (solid black circles), 
converted from digitized residence time distributions, E(t),  (Sanni et  al. 2016) using the 
mass injected and the average injection rate obtained from Sanni et al. (2015). Conservative 
tracer concentration breakthrough data (filled black circles) is fitted with the Robin–Neu-
mann analytic solution (black line). Data used as input to the model are the interwell dis-
tance (610 m) and average injection rate calculated from Sanni et al. (2015). The fit of the 
analytic solution optimizes Péclet number and mean residence time. In dimensional units, 
the fit parameters are the interstitial velocity and hydrodynamic dispersion coefficient. The 
tracer concentration data shows two peaks at approximately 240 and 830 days, with mean 
residence times of 380 and 870 days, respectively. Following Shook et al. (2009) for mul-
tilayer systems, the concentration breakthrough curve at the producer well represents the 
combined contributions of solutes from each layer and is given by Eq. 15.

The solid black line in Fig. 4 represents the best fit for the tracer concentration break-
through data. The volumetric flow distribution is 0.85 for the first layer and 0.15 for the 
second layer. The volumetric flow distribution follows an optimization problem constrained 

Fig. 4   Dimensional field concentration histories modeled with a equilibrium partitioning conditions and 
b non-equilibrium partitioning conditions for the first layer with Dam = 1.2 and assuming that the second 
layer has finite remaining oil. The black filled circles represent the conservative tracer WT-60; blue filled 
circles and crosses represent the partitioning tracers WTP-2 and WTP-3, both with K = 2.1 ; red filled cir-
cles represent the partitioning tracer WTP-4 with K = 4 . The blue dashed and red dotted lines correspond 
to partitioning tracer models for K = 2 and K = 4 , respectively. The remaining oil saturation in the second 
layer is arbitrarily taken as 0.2 and modeled assuming equilibrium partitioning
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by the relationship between the injected pulse time of the first layer ( ts,1 ) and the injected 
pulse time of the second layer ( ts,2 ). ts,1 = fts,2 are related by a factor, f, that depends on the 
ratio of velocity between the layers ( f = v1∕v2).

Based on the conservative tracer fit results, we can conclude that the mean intersti-
tial fluid velocity in the second layer ( v = 0.7  m/day) is approximately 2.3 times slower 
than in the first layer ( v = 1.6  m/day). The hydrodynamic dispersion in the first layer is 
2.27 × 10−3 m2 /s ( PeL = 5 ), while it is 8.25 × 10−5 m2 /s in the second layer ( PeL = 60 ). 
Similar or higher values of dispersion coefficients have been found in the literature (Parker 
1984; Yutkin et  al. 2022). Finally, the total recovered mass of the conservative tracer is 
46%, suggesting that the partitioning tracer models should yield a comparable recovery.

Using the mean fluid velocity and hydrodynamic dispersion parameters for the two 
layers, we apply both equilibrium and non-equilibrium partitioning models to estimate 
remaining oil in this formation.

Figure  4a presents field data and fitted concentration breakthrough curves for the 
conservative tracer and two partitioning tracers (blue dashed line for K = 2 and red dot-
ted line for K = 4 ), considering remaining oil in both layers and fast tracer partitioning 
in both layers (i.e., equilibrium conditions). The transport of partitioning tracers in both 
layers is described by Eq. 5.

In this scenario, the partitioning tracer model generates two distinct peaks, at approx-
imately 400 and 1600 days. The first peak indicates the remaining oil saturation in the 
first layer, while the second peak reflects the remaining oil saturation in the second 
layer. However, the available data only spans around 800 days, so the saturation in the 
second layer cannot be inferred directly. For demonstration purposes, we have assigned 
a saturation value of 0.2 in the second layer.

The best-fit equilibrium model for the first peak appears slightly after the data for 
early time, suggesting shorter tracer retention in the field. However, the data’s deviation 
from the model at later times indicates longer tracer retention in the field. This behavior 
is characteristic of non-equilibrium tracer partitioning, where the tracer arrives at the 
producer well quickly, followed by a prolonged spread. Therefore, we conclude that the 
partitioning tracer is not in an equilibrium state. The remaining oil in the first layer, esti-
mated using Eq. 14, is 0.14.

The total recovered tracer amount comprises contributions from both the first and 
second layers. Since no data are available for the second layer, it is impossible to esti-
mate its contribution accurately. The second layer may uptake ∼ 41 % of the recover-
able partitioning tracer in the equilibrium case, and ∼ 26 % in the non-equilibrium case, 
potentially indicating a substantial amount of remaining oil, whether recoverable or not.

Figure  4b presents field data with fitted concentration breakthrough curves for the 
conservative tracer and two partitioning tracers (blue dashed line for K = 2 and red dot-
ted line for K = 4 ), assuming non-equilibrium conditions ( Dam = 1.2 ) in the first layer 
and equilibrium partitioning with finite remaining oil in the second layer. Consequently, 
the transport of the partitioning tracer in the first layer is described by Eqs.  7 and 8, 
while in the second layer it is described by Eq. 5.

The Péclet number is fixed, and only two fitting parameters are required to fit the 
models: remaining oil saturation and the Damköhler number in the first layer. As before, 
the saturation in the second layer is arbitrarily set to 0.2 for demonstration purposes. 
The resulting Damköhler value is near unity, indicating non-equilibrium conditions.

In this scenario, the partitioning tracer elutes as two peaks, one from each layer. As 
expected, the initial elution of the peaks occurs sooner than under equilibrium condi-
tions, followed by a longer spread. These combined features result in notably better fits 
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to the experimental data. Similar to the equilibrium case above, effects from the second 
layer are not yet observed and would only begin to emerge around 1500 days.

Finally, the estimation of remaining oil saturation in the first layer (obtained by 
directly solving the governing ODE) yields a value of 0.2, consistent with the cross-
validated value reported by the authors of the original study. However, the remaining 
oil saturation in the second layer is not captured and cannot be estimated. According to 
observations presented in Sanni et al. (2017), the second layer is thicker than the first 
layer. The combination of a large pore volume and higher than anticipated oil saturation 
in the second layer leads to a longer delay in arrival of the second peak.

5 � Discussion

As we showed above, the remaining oil saturation in the first layer is close to 0.2. Unfor-
tunately, due to the lack of critical data for this field case, no definitive or quantitative 
conclusions can be made regarding the remaining oil saturation in the second layer. Appen-
dix 5 presents a simple scenario using the 4% oil cut reported in the original IPTT study. 
We show that the effect of the oil cut is negligible.

To improve the analysis of interwell partitioning tracer tests, we suggest collecting 
the following data: (1) flow rate history from spinner surveys at the injector and producer 
wells, which would help accurately determine the fractional flow into multiple layers, if 
present; (2) information on wellbore mixing in the injector and producer wells, and/or 
tracer concentrations measured in the injection wellbore at the injection interval. Addition-
ally, longer data collection even at wider time intervals will allow on to estimate remaining 
oil in lower permeability reservoir sections.

Since interwell partitioning tracer tests provide average property estimates over large 
areas, it is essential to correlate the extracted information with any additional data available 
in the study area. If observation wells exist, they could provide earlier estimates of flow 
properties, particularly partitioning tracer data, which generally takes longer to arrive.

6 � Conclusions

In this study, we developed a 1D partitioning tracer transport model that has not been pre-
viously published. Alongside our new model, we examined the applicability range of other 
published 1D tracer flow models for both conservative and partitioning tracers. To ensure 
mass conservation across a wide range of flow conditions for history matching, in analytic 
and numerical solutions for tracer flow (i.e., both conservative and partitioning), one must 
use Robin–Neumann boundary conditions, especially at low Péclet numbers ( PeL ⪅ 20 ), 
which characterize many carbonate pore systems.

We demonstrate that using tracer peaks to estimate remaining oil is not always appro-
priate. Use of peak time for very short tracer pulses ( ̃ts ≤ 0.1 ) may be acceptable for esti-
mating remaining oil, provided that equilibrium is reached quickly ( Dam ≫ 1 ), otherwise 
not so. Mean Residence Time (MRT) is the accurate way to describe the breakthrough 
of tracers. MRT provides an accurate estimate of remaining oil saturation using Cooke’s 
equation, but only provided that Dam > 0.1 . Additionally, we highlighted the consequences 
of using an incorrect model for partitioning tracers. Assuming an equilibrium model by 
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default can lead to either underestimation or overestimation of remaining oil saturation 
when tracer partitioning into the oil phase is slow, and the partitioning process does not 
reach equilibrium before tracer breakthrough, i.e., in systems with Dam ⪅ 1 . Moreover, 
Cooke’s equation is no longer valid below Dam ≤ 0.1 . The overestimation of remaining oil 
is a financially unfavorable outcome in an interwell partitioning test.

Finally, we analyzed published interwell partitioning tracer data, applying the insights 
gained from our 1D non-equilibrium study. We found that the field under investigation con-
sisted of at least two layers that permitted the transport of both conservative and parti-
tioning tracers. The first layer contained oil and facilitated fast tracer transport, making it 
necessary to apply our non-equilibrium partitioning model. Based on mass balance, we 
concluded that the second layer also contained oil. However, due to the lack of long-term 
field data, it was not possible to make quantitative conclusions regarding the amount of oil 
in the second layer. Our final estimates of remaining oil in the first layer are consistent with 
those made by the original authors’ study. Therefore, our physics-based approach provides 
a robust foundation for understanding partitioning tracer test results in 1D, which can be 
extended to interpret more complex 3D models. Based on our analysis, we provide rec-
ommendations on additional data that could enhance the understanding of this and future 
interwell tracer tests.

Appendix 1: Analytic Solutions

Below are boundary condition-dependent analytic expressions for the term A (see Eq. 12). 
Full form of analytic solutions for both pulse and step injection can be composed using 
Eq. 12 of the main text. These solutions can be applied to a conservative tracer ( R = 1 ), or 
a partitioning tracer under equilibrium conditions ( R > 1 ). For an equilibrium partitioning 
tracer, divide the time variable t (or t̃  ) by R.

Inlet BC: Dirichlet; Domain: semi-infinite (DS) The analytic solution to these boundary 
conditions is given by Genunchten et al. (2013).

In dimensionless form,

Inlet BC: Dirichlet; Outlet BC: Neumann (DN)
The analytic solution to these boundary conditions is given by Genunchten et al. (2013).
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In dimensionless form,

Inlet BC: Robin; Domain: semi-infinite (RS)
The analytic solution to these boundary conditions is given by Genunchten et  al. 

(2013).

In dimensionless form,

Inlet BC: Robin; Outlet BC: Neumann (RN)
Two solutions exist for these BCs: one infinite series, which works well for high dis-

persivity (low Péclet numbers)  (Brenner 1962), and one approximated solution which 
performs well after a Péclet threshold (Danckwerts 1953; Genunchten and Parker 1984; 
Genunchten et al. 2013).
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where �k(k = 1, 2, 3) are the positive roots, taken in order of increasing magnitude of the 
transcendental equation

from which the trivial root �0 = 0 is to be excluded. The numerical values of these roots at 
various Péclet numbers can be obtained from the tabulation of Carslaw and Jaeger (1959) 
by writing

for n = 1, 2, 3,… , where the �n and �n are the positive roots, taken in order, of the transcen-
dental equations

and

respectively.
The approximated solution is
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Appendix 2: Verification of COMSOL

Figure 5 shows the verification of COMSOL numerical solution against the Brenner ana-
lytic solution with Robin–Neumann BCs (Brenner 1962), both in dimensionless units. The 
verification was performed for a conservative tracer and a partitioning tracer assuming 
equilibrium conditions. COMSOL model setup consists of a 1D length domain of x̃ = 1 , 
discretized in 50 intervals. Dimensionless time step discretization is Δ̃t = 1 × 10−3 . Péclet 
number used is 2, which corresponds to high dispersion. Dimensionless pulse time injected 
is t̃s = 0.2 . For the conservative tracer, the retardation factor is R = 1 . For the equilibrium 
partitioning tracer, the retardation factor is R = 1.5 , equivalent to assuming 20% remaining 
oil saturation So = 0.2 , and a partitioning coefficient of K = 2.

(28)
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Fig. 5   Top: Dimensionless concentration histories of conservative and partitioning (equilibrium) tracer with 
Robin–Neumann boundary conditions obtained using an analytic solution by Brenner (black solid and dot-
dashed lines) and numerical solutions by COMSOL (green and red circles). x̃ = 1 . t̃

s
= 0.2 . PeL = 2 . For 

the partitioning tracer, So = 0.2 and K = 2 ( R = 1.25 ). Bottom: The relative error, in fraction, of the numer-
ical solutions with respect to the analytic solutions
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Appendix 3: Non‑equilibrium Results (Pe = 100)

See Fig. 6.

Fig. 6   a Dimensionless concentration histories of conservative and non-equilibrium partitioning trac-
ers. x̃ = 1 , PeL = 100 , and t̃

s
= 0.2 . For the partitioning tracer, So = 0.2 and K = 2 ( R = 1.5 ). t̃c

b
 and t̃p

b
 

are the calculated breakthrough times of the conservative and partitioning tracer, respectively. b Remaining 
oil saturation calculated with Cooke’s equation under different Damköhler numbers using the non-equilib-
rium partitioning tracer model. Black filled circles are calculated using the mean residence time. Red tri-
angles and crosses are calculated using the peak (mode) of the concentration distributions for t̃

s
= 0.2 and 

t̃
s
= 0.01 , respectively. K = 2 , reference oil saturation, So = 0.2 , and PeL = 100

Appendix 4: Damköhler Number Estimation

The specific surface area of the oil–brine interface, ai
v
 , has been estimated in the literature. 

Joekar-Niasar and Hassanizadeh (2012) obtain the dependence of fluid–fluid specific inter-
facial area from oil saturation in micromodels. Their range is 1–10 m−1 . Dastjerdi et  al. 
(2024) found values of the order of hundreds m−1 from micromodels. Chatzis et al. (1983) 
demonstrated that in homogeneous Berea sandstone, experimental specific interfacial area 
is less than that values found in micromodel experiments or from theory predictions. Lime-
stones are rather heterogeneous, which should increase the specific interfacial area. So, 
perhaps an estimate of 10–100 m−1 is reasonable. Another way to obtain a rough estimate 
is by using the specific surface area of the rock, av . Namely, the expression for specific 
interfacial area ai

v
= � ⋅ a

v
⋅ So ⋅ (1 − So)∕� (m−1) captures the general experimental trend 

in the cited manuscripts of the interfacial surface area being minimal at very low and very 
high oil saturations. In this expression, � is an empirical coefficient that accounts for the 
distribution of oil and brine. We set � equal to 0.5. In this case, the specific interfacial area 
is of the order of 1000 m−1 , a value that we used for our estimates. The specific interfacial 
area of large oil blobs or patches is probably smaller than the specific surface area because 
of the distribution of oil clusters. These arguments allow us to narrow down the range.

The molecular diffusion coefficient of the partitioning tracer in the oil phase could be 
measured in the laboratory. A simple estimate of the tracer diffusion coefficient in the oil 
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phase is that of the Stokes–Einstein–Sutherland equation (Einstein 1905; Sutherland 1905; 
Smoluchowski 1906). Because of generally higher oil viscosities, a reasonable estimate is a 
factor of 10 lower that its diffusion coefficient in the water phase. For our analysis we used 
1 × 10−10 m2∕s.

Finally, perhaps the most difficult parameter to estimate is the average transverse charac-
teristic dimension of oil patches. We believe that such a dimension should be measured in 
the units of rock REV. If oil displacement is efficient, the characteristic dimension of the 
remaining oil patches should be on the order of a few REVs. For example, during an effi-
cient oil displacement from homogeneous rock, the size of the remaining oil patches is a few 
pore sizes, regardless of the displacement scale. However, for heterogeneous rocks, such as 
limestones, the remaining oil blob dimensions differ drastically from laboratory to field dis-
placements. If the REV is unknown from the reservoir geological description, we can esti-
mate REV based on the rock specific surface area. The characteristic dimension is 1∕av . We 
assume that for heterogeneous rocks, the REV dimension is at least 100–1000 times larger 
than the characteristic dimension of the rock to capture heterogeneity. For a typical limestone 
with av = 104 m−1 , we find that REV is on the order of 0.1 m . Finally, the remaining blob size 
consists of a few REVs, so the value of 0.5 m is reasonable. On the other hand, in the field test 
analyzed, we find that Dam = 1.2 . This value for Dam is obtained using the following param-
eters: ai

v
= 1000m−1 , Do

m
= 1.75 × 10−11 m2 s−1 , � = 0.5 m.

Appendix 5: Field IPTT Modeling: Oil Cut Effect

In this section, we investigate the effect of the mobile oil on partitioning tracer arrival 
using a flow model with a constant oil cut of 4%. The test model assumes equilibrium 
between both mobile oil and water phases, and non-equilibrium between the mobile 
water phase and the stagnant oil phase. Figure 7 compares model concentration histo-
ries to results from the manuscript in Fig. 4. Only the non-equilibrium case for K = 4 
is presented. The red dotted line corresponds to the non-equilibrium model from the 
manuscript (see Fig. 4b) and does not account for mobile oil (i.e. oil cut, OC = 0%), 
Dam = 1.2 , and oil saturation (stagnant) So = 0.2 . The green dot-dashed line assumes 
a total oil saturation of So = 0.24 that consists of 20.8% stagnant and 3.2% mobile oil. 
Dam = 1.2 is also the same. The effect of the 4% oil cut on partitioning tracer is seen to 
be negligible.

Table 2   Parameters to estimate 
Damköhler

Darcy velocity = 1.4 × 10
−5 m/s. � = 1 m

Parameter Lower bound Upper bound

Specific interfacial area, ai
V
 ( m−1) 1000 100,000

Molecular diffusion of partitioning 
tracer, Do

m
 ( m2 s−1)

1 × 10−11 1 × 10−9

Mass transfer rate coefficient, � ( s−1) 1 × 10−8 1 × 10−4

Length of the domain, L (m) 100 1000
Damköhler number, Dam (–) 7 × 10−2 7 × 103
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oil phases. The legend values of So correspond to the total oil saturation, So,m to the mobile oil saturation, 
So,im to the immobile oil saturation
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