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The oscillation spectrum of a neutron star is notably rich and intrinsically dependent on the equation of

state of nuclear matter. With recent advancements in gravitational-wave and electromagnetic astronomy, we
are nearing the capability to perform neutron-star asteroseismology and probe the complex physics of
neutron stars. With this in mind, we explore the implementation of three-parameter finite-temperature

matter models in the computation of neutron-star oscillations. We consider in detail the thermodynamics of

nuclear matter and show how this information enters the problem. Our realistic treatment takes into account
entropy and composition gradients that exist in the nuclear matter, giving rise to buoyant g-mode
oscillations. To illustrate the implementation, we determine the oscillation spectrum of a low-temperature

neutron star. In addition to the expected compositional and thermal g-modes, we find perturbations sourced

by phase transitions in the equation of state. We also examine two thermal models, comparing the results
for constant redshifted temperature with those for uniform entropy per baryon.
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I. INTRODUCTION

Neutron stars are among the most complex objects in our
Universe. A realistic description of a neutron star inevitably
requires physics across the extremes; from FEinstein’s
general relativity—to describe the immense gravitational
fields—to quantum chromodynamics—in order to charac-
terize the strong nuclear interactions in the dense interiors.
The situation is no less complicated by the cataclysmic
events that neutron stars are involved in, such as binary
mergers. Indeed, the celebrated event GW170817 [1]
marked the first gravitational-wave observation of a neu-
tron-star coalescence and among the main science goals
with these detections is to constrain the properties of
ultradense nuclear matter [2,3]. This effort will be further
bolstered by the construction of the next generation of
ground-based instruments, Cosmic Explorer [4] and the
Einstein Telescope [5].

The full complexity of neutron stars is arguably best
evidenced by their remarkable oscillation spectra [6,7].
Neutron stars possess oscillations that are linked to the
pressure (acoustic f- and p-modes), thermal and composi-
tional stratification (buoyant g-modes), phase transitions
(interfacial i-modes), the presence of an elastic crust (shear
s-modes) and so on. As a guiding principle, each ingredient
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of physics that is added to a stellar model gives rise to a new
class of oscillation mode.

The vibrational modes of neutron stars may be relevant
in a variety of physical scenarios. There currently exists a
promising connection between theory and measured qua-
siperiodic oscillations in the x-ray tails of giant magnetar
flares [8,9]. Along a similar vein, about 20 low-mass x-ray
binaries have exhibited thermonuclear burst oscillations at
frequencies up to 3 Hz different to the stellar rotation
[10,11], which have been conjectured to arise from stellar
pulsations [12,13]. (However, the association may be
problematic as oscillation frequencies identical to the
neutron star’s spin cannot have a mode origin [14].) To
complement these electromagnetic detections, neutron-star
modes may leave their mark on gravitational-wave astro-
nomy [15]. The gravitational-wave instability associated
with the r-mode [16,17] has lead to recent searches [18]
and oscillation modes will also be involved with the tidal
response in compact-binary inspirals [19], where the pre-
dominant contribution comes from the f-mode and low-
frequency oscillations may be excited at a lower level.
Conducting neutron-star asteroseismology with these
observational channels has the exciting potential to con-
strain the rich physics associated with the modes, including
the dense nuclear-matter equation of state.

In this work, we compute the oscillation spectra of neu-
tron stars described by realistic, finite-temperature nuclear
matter. Our treatment moves beyond phenomenological
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thermal-pressure models that are often used in the litera-
ture (see, e.g., Refs. [7,20]) by implementing a finite-
temperature equation-of-state table. By providing this
information at the level of the equation of state, we model
realistic stratification due to entropy and composition gra-
dients in the matter, giving rise to gravity g-mode oscil-
lations. Additionally, our assumed matter model—the APR
equation of state [21]—involves a phase transition. We
identify the corresponding interface i-mode and explore its
dependence on stratification. Our inclusion of finite tem-
perature is a development with respect to recent work on
neutron-star g-modes at zero temperature [22-25] and our
numerical implementation was used to support a study on
the thermal effects in merger simulations [26].

For completeness, we carefully develop the machinery
required to incorporate realistic, finite-temperature nuclear-
matter models into calculations of neutron-star oscillations.
We do this to address two issues that may not be as well
understood as they should. The first relates to what the
thermodynamical equation of state of nuclear matter
actually is. It is common in the neutron-star community to
refer to the function e = £(p) as the equation of state. How-
ever, for reasons we lay out in this paper, such a relation
will never provide the level of detail required to appropri-
ately use neutron-star observations to probe the behavior of
dense nuclear matter. The second reason follows from the
fact that the bulk of the astrophysical literature until now
has focused on simple, barotropic models for the stellar
material. As we discuss here, this treatment of the matter
will only apply for equilibrium neutron stars. For dynami-
cal contexts, we must consider departures from the baro-
tropic description.

There are notable exceptions to the trend of assuming
one-parameter matter models. This includes work on
incorporating realistic stratification with [22,23,25] and
without the Cowling approximation [24], superfluidity
[27-30] and crustal physics [7,31] into the modeling.
There is also a large body of literature dedicated to
understanding the oscillation spectra of compact remnants
following core-collapse supernovae (e.g., Refs. [32-37]).
In this context, the matter is hot and out of equilibrium, and
the oscillation studies rely on data extracted from general-
relativistic hydrodynamical simulations. The latter point is
a notable difference with respect to the numerical imple-
mentation that we adopt in this paper, where we solve
for both the background and the fluid perturbations in a
coupled fashion. Furthermore, we go beyond the state of
the art by calculating the stratification at the level of the
equation of state for a three-parameter, tabulated equation
of state.

This paper is organized as follows. In Sec. II, we lay
out the thermodynamical framework that forms the basis
of three-parameter nuclear-matter equations of state—
connecting realistic equations of state with the barotropic
models that are usually implemented. The mode calculation

is detailed in Sec. III. In this section, we explicitly show
how the matter enters the mathematical formulation of
the problem. Adopting a finite-temperature nuclear-matter
model in Sec. IV, we compute the relevant thermodynamics
directly from the equation of state and present oscillation
results for a low-temperature neutron star. We also consider
two thermal models, including a neutron star with uniform
redshifted temperature and one with constant entropy per
baryon, and compare the two cases. Finally, we summarize
and conclude in Sec. V.

In this article, we use a positive metric signature
(—,+,+,+) and adopt the Einstein summation conven-
tion, where repeated indices denote a summation. We use
early Latin characters a, b, c, ... for spacetime indices and
later symbols j, k,l... to represent spatial indices. The
labels (£, m) represent the spherical-harmonic numbers.
Unless specified otherwise, we will assume natural units,
where G = ¢ = kg = 1.

II. THERMODYNAMICS AND THE EQUATION
OF STATE

We begin with a discussion on the thermodynamics of
the nuclear matter (for additional comprehensive discus-
sions on this topic, see Refs. [38—40]). This is a natural
place to start since the thermodynamics encode the micro-
scopic nuclear interactions and determine the material
properties of neutron stars. We want to examine the infor-
mation we need in order to construct realistic, finite-
temperature stellar models and how this relates to the
fundamental thermodynamics.

Consider a small element of fluid in the neutron star from
the point of view of a local inertial reference frame that
moves along with the fluid." The thermodynamical state
of the fluid parcel is fully characterized by its extensive
variables—total energy E, entropy S, proper volume V
and particle numbers {N,}, where x labels the particle
species—and intensive variables—temperature 7, pressure
p and particle chemical potentials {4, }. An infinitesimal
change in the total energy dE of the fluid element is
related to variations in the other extensive variables
(dS,dV,{dN,}) through the first law of thermodynamics.
In the inertial frame, the first law can be expressed as [41]

dE=TdS—pdV + udN,. (1)

By virtue of the fluid forming an extensive system, we also
have the corresponding Euler relation

E=TS-pV+Y uhNy. (2)

"The fluid element is small in the sense that its extensive
variables are infinitesimal relative to their totals across the
neutron star.
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In order to make progress in describing a neutron star, we
must depart from generality and make assumptions about
the nuclear composition. For our purposes, we will assume
the fluid comprises neutrons, protons and electrons, with
respective particle numbers {N,,N,,N.} and chemical
potentials {4y, iy, pte} in the fluid element.” We also
assume that the fluid parcel is charge neutral N, = N,
and contains the number of baryons N, = N, + N,,. In the
context of fluid dynamics, it is convenient to express the
thermodynamics in terms of densities.’ Therefore, we write

e+ p
ny

de = n,Tds + dny, + npppdYe, (3)

e =mnpTs — p + ny(p, + ppYe). (4)

where ¢ = E/V is the total energy density, s = S/N, is the
entropy per baryon, n, = Ny/V is the number density of
baryons, Y. = N./N,, is the electron fraction and u, =
Hp + He — Hy quantifies deviations from cold S-equilibrium.
Here, we have ignored the effect of neutrinos, since
equation-of-state tables assume that they are not trapped
in the matter. Effectively, their chemical potentials vanish.
For more realistic, hot stars (such as in mergers and proto-
neutron stars), neutrinos cannot be assumed to be in
thermal equilibrium, and the condition on weak chemical
equilibrium is more involved [42], but we ignore this
issue here.

The first law (3) shows that the system possesses
a fundamental potential & = &(s,ny, Y.) from which all
the thermodynamical information can be derived. This is
illustrated in the following. From Eq. (3), we see that the
potentials 7', p and u, can be directly obtained as partial
derivatives of ¢. These are

1 [oe
T(s,ny,Y,) = n_b ($> ,
ny,,Y,

d(e/ny)
p(s,n,Y):nz[ ,
e ° anb s.Ye

1 [ oe
S 5
ny, (aye> $,1 ( )

Then, the final state variable p, is found using the Euler
relation (4), which can be expressed as

/’[A(s’ Ny, Ye)

2Although muons are expected to be present in realistic
neutron-star matter, we neglect them here since the nuclear-
matter model we adopt later on only considers pure neutron-
proton-electron matter. Including muons in the thermodynamics
is, however, not difficult since they enter the problem in the same
manner as the electrons.

In doing so, we also reduce the number of independent
variables by one. This is a generic feature of an extensive system.

( Y.) s [oe n de Y. [ oe

s, Y ) =—— | — — - .

HnlS: 7> e ny\0s/), vy \0my) .y ny\0Yc/,,
(6)

This serves as a demonstration of how all the thermody-
namical information sits in € = e(s, ny,, Ye). For this reason,
e =¢(s,m,, Y,) is the equation of state of the nuclear
matter that connects the microphysics to the local fluid
behavior. We note that there are other, physically equivalent
forms of the equation of state, where different thermo-
dynamic quantities are chosen for the dependent and
independent variables. Indeed, later on, we will adopt
the free-energy density f = f(T, ny,, Y..) (frequently used
for finite-temperature nuclear matter) as the fundamental
thermodynamic potential and in Footnote 4 below we
consider the enthalpy per baryon h = h(s, p,Y.); both
are equivalent forms of the equation of state.

In many neutron-star calculations, further assumptions
about the nuclear physics are made. For mature, isolated
neutron stars, it iS common to treat the matter as cold,
T = 0, which reduces the number of independent variables
by one and leads to a two-parameter equation of state
e =¢e(ny,, Y.). A second common assumption is that the
matter maintains (cold) f equilibrium, y, = 0. This equi-
librium corresponds to a balance in the weak nuclear
interactions, including electron capture and neutron
decay [42]. Chemical equilibrium is a reasonable approxi-
mation when the dynamics are much slower than the
nuclear-reaction timescales, but will inevitably break down
in the opposite regime [43,44]. Under these assumptions,
we end up with

_E+Vp

de dny, = ppdmy, (7)

and thus the fluid is barotropic—it depends on only one
variable, € = &(ny,). Under these assumptions, we can
freely invert p = p(n,) to write the energy density as
e = ¢e[ny(p)] = &(p).* The latter function is commonly
encountered in the astrophysical literature since it closes
the structure equations [see Eqgs. (12) below] and is used
(for example) to determine the (static) tidal Love numbers
[45-47]. Indeed, recent constraints on the function
e =¢(p) have been obtained from the inspiral of
GW170817 [1-3], along with complementary information
gleaned from x-ray data [48-50].

*Another way to retrieve this function without an inversion is
to make the pressure p a natural variable of the system. This can
be achieved with a Legendre transform by introducing the
enthalpy per baryon & = (¢ + p)/n,,. Under this transformation,
the equation of state is & = h(s, p,Y,), where p has replaced
the baryon-number density n, as an independent variable.
Thence, the energy density follows from e&(s,p,Y,) =
—p +ny(s, p,Y)h(s, p,Y.), which reduces to ¢ =¢(p) for
cold, f-equilibrated matter.
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While this simplified view of the nuclear matter is
perfectly appropriate for describing cold, equilibrium neu-
tron stars, it is important to note that a relation ¢ = ¢(p) is
in fact insufficient to describe the full thermodynamical
state of the star. (We illustrate and elaborate on this point
later.) Our objective should be to obtain the fundamental
thermodynamical description at the level of the equation
of state.

More severely, the assumptions of u, = T = 0 will fail
for some physical situations of interest—three of which
immediately come to mind: pulsating neutron stars (the
focus of this article), binary mergers (which we explore in
Ref. [26]) and protoneutron stars. In all these cases, the
dynamical timescales may be sufficiently fast such that g
equilibrium can no longer be assumed [51,52]. Further-
more, the mergers and supernovae that we wish to examine
with gravitational-wave and electromagnetic instruments
are hot, energetic events. For these reasons, realistic
calculations of neutron-star dynamics must go beyond
these assumptions.

ITII. THE PULSATION PROBLEM

A. The equilibrium neutron star

With the thermodynamics accounted for, we are now in a
position to connect the equation of state with the stellar
model. We treat the neutron star as a nonrotating, perfect
fluid. The background is spherically symmetric and its
geometry is characterized by the metric g,;,, given by the
usual line element

ds® = g pdx®dx?
= —e’di* + e* dr? + r?(d6? + sin®0 d¢p?), (8)

with time coordinate ¢, spherical polar coordinates (r, 8, ¢)
and metric potentials v(r) and A(r). By continuity with the
exterior Schwarzschild spacetime, the gravitational mass
m(r) enclosed in areal radius r is defined by

1 1

¢ :1—2m/r'

©)

In the proper reference frame, the perfect fluid is described
by the conservative stress-energy tensor

Tab = <€+p)uaub+pgabv (10)
where the fluid four-velocity u“ has components

ul = e—u/Z’

W =0. (11)

Finally, the Einstein field equations lead to the well-known
relativistic equations of stellar structure

dm dr dv 2m—|—4ﬂr3p dp e+ pdv

_— r _— _— —_— - —_—.

ar T ar r(r=2m)"  dr 2 dr
(12)

Equations (12) can be integrated provided a relationship
between the energy density ¢ and pressure p. From the
solution to Egs. (12), one obtains the stellar radius R and
total gravitational mass M = m(R), which characterize the
exterior spacetime of the spherical star.

At this point, we pick up on the issue of the equation of
state (as introduced in Sec. II) and how it enters the macro-
scopic description of the neutron star. For this discussion,
we will assume cold, f-equilibrated nuclear matter. Recall
that, in this regime, the fluid is barotropic and the thermo-
dynamical system can be fully characterized by the equa-
tion of state e = £(n,,) [see Eq. (7)]. From the equation of
state, we can straightforwardly derive the thermodynamical
potentials p = p(ny) and p, = p,(ny).

Although & = ¢(p) is the only relation required from the
thermodynamics to solve Egs. (12), it is not sufficient to
describe the complete thermodynamical state of the neutron
star. For example, suppose we wanted to know the distri-
bution of baryons Ny(r) in the star. This would be
necessary to find the total number of baryons Ny,(R) and
the star’s baryonic mass My, = myNy(R), where m,, is the
mass of a baryon. To determine Ny (r), we must integrate
the corresponding number density n, over the proper
volume of the star. This is equivalent to solving the
differential equation

dN, Adzriny, (13)

dr V1=2m/r

Here the issue is apparent: to solve Eq. (13), we require
a thermodynamical relation in addition to &€ = &(p). A
function ny, = ny,(p) [or equivalently n, = ny(€)] is neces-
sary to close Eq. (13). By thermodynamical consistency,
one can integrate Eq. (7) to obtain n, = ny(p), but only up
to an integration constant. The resolution to this is that both
functions would follow naturally from a fundamental
thermodynamical potential, such as e = &(ny,). Thus, while
e = &(p) is perfectly sufficient to solve Egs. (12), it cannot
describe the full thermodynamics of the star.

Before we move on, it is worth briefly commenting on
the physics that cannot be extracted in the barotropic
regime, even with the fundamental potential ¢ = &(ny).
To illustrate this, we relax the previous assumptions and
assume a three-dimensional equation of state, where we can
freely compute the state variables. From this starting point,
if we now choose to consider zero-temperature, equilibrium
matter, we may solve the coupled, nonlinear system of
equations 7'(s, ny, Yo) = 0 and p (s, ny, Y.) = 0 to obtain
s = s(ny) and Y, = Y.(ny,). However, under the barotropic
assumption, we observe that the first law (7) no longer
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contains information on the entropy and chemical abun-
dances in the fluid. Hence, this information will not be
accessible to us if we only focus our attention on con-
straining & = &(n;,). (We note that there have been some
recent discussion on this issue in the context of gravita-
tional-wave astronomy [53-56].) Fortunately, dynamical
contexts involve more physics and probe a different regime.

B. The oscillations

Let us move on to the natural vibrations of the neutron
star. To calculate the oscillation modes, we will use the
formulation of the perturbation equations of Detweiler and
Lindblom [57,58], along with the augmentation introduced
by Kriiger et al. [7] to address numerical noise in the low-
frequency spectrum. For the exterior problem, we use the
method of Andersson et al. [59]. (We refer the interested
reader to these papers for the full system of equations.)
Much of this work rests on the framework of relativistic
Lagrangian perturbation theory for fluids [41,60,61]. The
numerical implementation that supports the results in this
paper is publicly available [62] and has been used to
support a recent study [26]. To verify the robustness of our
code, we compared it to results in Refs. [59,63,64] and
found good agreement.

The linear perturbations of a relativistic star can be
described by the Eulerian perturbation of the metric %, and
the Lagrangian displacement vector of the fluid £“. Since
our focus is on the nonradial oscillations of a spherically
symmetric neutron star, we can decompose the perturba-
tions into the form Y™'e’®’, where w is the natural frequency
of a mode and Y}'(0,¢) is a spherical harmonic with
quantum numbers (£, m). For the spacetime, we adopt the
Regge-Wheeler gauge, where high angular derivatives are
chosen to vanish [65]. In the polar sector,” the metric
perturbation reads

e'r’Hy iowr’™'H, 0 0
] = — ior’'"H,  ¢*’H, 0 0
“ 0 0 2K 0
0 0 0 r“+2sin0K
X Ymeiot (14)

which depends on the functions H(r), H,(r), H,(r) and
K(r). The displacement vector describes how the fluid
elements in the equilibrium configuration are displaced
in the perturbation. We can exploit the gauge freedom

°It is well known that (with the exception of the rapidly
damped gravitational-wave w-modes [66]) the axial perturbations
of a nonrotating, fluid star are trivial solutions to the perturbation
problem (see, e.g., Refs. [67,68]). Other axial oscillation modes
exist in instances where there is anisotropy in the neutron-star
structure, such as rotation [68] or the presence of an elastic
crust [7]. For this calculation, we can ignore them.

associated with the Lagrangian formulation to set u,£* =
[69] and decompose the nontrivial components as

gr _ e—i/2rf—1 Wy?eimt’

69 — _rf—Zvagy?eimt’ (15)
y rf=2 .
h — Va Ymelwt’

g sin2g 77

with functions W(r) and V(r). The perturbation is
described by the spacetime (Hy, H,,H,,K) and fluid
functions (W, V). However, some additional simplifica-
tions can be made.

Detweiler and Lindblom [58] reduced the pulsation
equations (initially derived by Thorne and Campolattaro
[70]) for the interior of the star to a system of four first-
order differential equations for the functions (H,, K, W, X),
where X is an auxiliary variable proportional to the
Lagrangian pressure perturbation. These equations corre-
spond to the two degrees of freedom in the fluid and two
for the gravitational radiation and are solved subject to
boundary conditions. Only two of the four linearly inde-
pendent solutions satisfy regularity at the stellar centre.
At the surface, a physically acceptable solution must have
a vanishing Lagrangian perturbation of the pressure,
X(R) =0, which three linearly independent solutions
can satisfy. These boundary conditions are sufficient to
determine (H, K, W, X) in the stellar interior for any given
frequency @ (up to an arbitrary amplitude).

A generic perturbation of the star at frequency @ will
have ingoing and outgoing gravitational waves at infinity.
Indeed, ingoing radiation with frequency @ will cause the
neutron star to oscillate at that frequency. Therefore, a free
oscillation mode of the star corresponds to a solution with
purely outgoing waves.

In the exterior, the functions associated with the fluid
vanish and we only have perturbations of the spacetime. The
metric perturbation functions H; and K can be combined
into a single differential equation, known as the Zerilli
equation [71,72]. This second-order equation represents the
two degrees of freedom in the gravitational field—ingoing
and outgoing radiation. An oscillation mode corresponds to
when the amplitude of ingoing gravitational waves vanishes.
This defines an eigenvalue problem, with eigenfrequency w.

Just as the background Einstein equations needed a
relation connecting ¢ and p, the perturbations require a
relationship between the (Lagrangian) perturbations Ae
and A p. This information comes from the thermodynamics
of the nuclear matter. If we continued our assumptions that
the matter is cold and the nuclear reactions are sufficiently
fast to maintain 8 equilibrium as the star oscillates, then we
can assert Ap/p = T'Ae/(e + p), where

_etpdp

r .
p de

(16)
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This is the barotropic assumption, commonly adopted in
the literature and used in the original neutron-star mode
calculations of Detweiler and Lindblom [57,58]. The index
I' can be immediately inferred from the function ¢ = &(p).
However, as we have already alluded, this is not the correct
regime for mature neutron stars, for which the timescale
required to reach chemical equilibrium is slow compared to
the fluid oscillations.

It was first argued by Reisenegger and Goldreich [43]
that the characteristic timescale associated with the relevant
weak interactions is actually much longer than a typical
oscillation period of a neutron star. This means that, as a
fluid element in the star is displaced from its equilibrium
position during a perturbation, the reactions do not act fast
enough to restore f equilibrium between the element and its
new environment. Thus, bouyancy forces associated with
the differing composition make the fluid parcel oscillate.
These oscillations are (low-frequency) g-modes, sourced by
composition gradients.6 Therefore, for neutron stars, it is
instead more appropriate to regard the chemical composi-
tion of the fluid as frozen during an oscillation, AY, = 0.
(See Ref. [73] for a recent study on the g-mode spectrum in
the intermediate regime of finite reaction times.)

Assuming that no heat is transferred, As = 0, we have

A A A
Ap_p Amy_p Ae
P ny, E+p

(17)

where

0l 0
r = (2nry  _etp(op (18)
dlnny S.Y. p de S.Y.

is the adiabatic index, which holds information about
composition and entropy gradients in the nuclear matter.
Motivated by Eq. (17), it is useful to introduce the
(relativistic) Schwarzschild discriminant

1 de 1.dp (1 1\dp (19)
e+pdr Typdr \I' T,) dr’

which determines the convective stability of the star [74].
If A <0 everywhere in the fluid (equivalently, I'; > T),
then the star is convectively stable and supports g-mode
oscillations. Otherwise, if A =0 (when '} =T), the
g-modes instead reside in the zero-frequency subspace of
perturbations [67,68].

The compositional g-modes join the spectrum alongside the
well-known class of g-modes that oscillate due to entropy
gradients in the stellar material. For a finite-temperature neutron
star, we expect both effects to contribute to the buoyancy for
g-modes to exist.

IV. IMPLEMENTING A REALISTIC
MATTER MODEL

To illustrate the steps involved in incorporating a realistic
description of the nuclear matter, we adopt the finite-
temperature APR model [21] as our nuclear-matter equa-
tion of state (as implemented in the CompOSE library
[38—40]). The current state of the art is based on three-
parameter models with temperature 7', baryon-number
density n, and fraction of electrons Y. as the natural
variables of the system [39].” This is accomplished by using
the (Helmholtz) free-energy density f =& —n,Ts as the
fundamental potential. With this potential, the first law (3)
and Euler relation (4) become

df = =nps dT+ 1L dny + nyuy av,,  (20)
Ny,
f=-p+ nb(ﬂn +ﬂAYe) (21)

and f = f(T,ny,Y,.) is the equation of state. In practice,
the relevant quantities that describe the matter’s thermo-
dynamical state are usually provided in tabulated form. We
now describe how one calculates a pulsating star from a
three-parameter equation-of-state table.

We start from the table, which includes the pressure p,
entropy per baryon s, deviation from f equilibrium g
and total energy density ¢ on a grid of (7, ny,Y.). We
interpolate this information to find the functions p =
p(T.ny.Ye), s=s(T.nyY.), pn=ps(T,ny,Y,) and
e=¢(T,ny,Y,).* In addition to the functions, we also
require their partial derivatives to determine the indices
I'="0(T,ny,Y.) and I’y =T'{(T,ny, Y.). For this reason,
we use splines to carry out the interpolation, where it is
trivial to obtain the partial derivatives. We use Eq. (16) to
write

r_etpdp/dn

, 22

p de/dmy (22)

where the derivatives are given by

dp _ (9p) 4T _(op)\  (dp) dY.

dny,  \0T), y dn, \omy)ry =~ \0Y.)r, dny’
(23)

"The equations of state in CompOSE in general use the charge
fraction of strongly interacting particles Y, as an independent
variable. This is because this quantity is well-defined for pure
hadronic matter and extends naturally to incorporate muons. For
the composition we assume, Y, = Y..

$To account for the wide spread in magnitudes, we actually use
logarithms to interpolate the quantities In p, Ins, ua and Ine as
functions of (InT,Inny,Y.) using splines. For the APR model
that we work with, the grid is given as 0.00999 < T'/MeV < 251,
543 x 107" < ny/fm™ < 6.32 and 0.005 < Y, < 0.655.
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de  (oe aTr n o€ n o€ dy,
dny,  \oT), y dn, \omy)ry — \OY.)r, dn,’
For Eq. (18), we use As = AY, = 0 to infer

=), - ()., ), )
p ony, TY. T .Y ony, T.Y, ar .Y,

(25)

(24)

We obtain the partial thermodynamic derivatives in I" and
I'; from the interpolation functions.” For this reason, it is
important to use an interpolation routine that ensures
continuity of the functions and their derivatives in the
grid. It should be noted that the partial derivatives are not
explicitly provided in the table. Thus, a numerical tech-
nique to approximate the derivatives is necessary. This is
simple to carry out using splines.

Next, we assume the background star is in chemical
equilibrium to determine the composition. This is carried
out by solving

/’lA(Ta Ny, Ye) =0 (26)

to obtain the function Y, = Y.(7, n,). Here, we recall that
this condition is sufficient for # equilibrium only when
the star is cold. For appreciable temperatures, the neu-
trinos are no longer in thermal equilibrium and Eq. (26) is
invalid [42]. To address this issue in practice, the neu-
trino dynamics must be incorporated in a separate (and
often computationally demanding) fashion. As already
mentioned, we ignore this issue here. Although Eq. (26)
represents a simple root-search, it must be carried out at
every integration step in the background and perturbation
equations. Thus, to speed up the computations, we deter-
mine Y, at each (7, ny,) in the original grid and pass it to the
interpolation functions—e.g., p = p[T,ny, Y (T, ny)] =
p(T, ny,)—to form a two-dimensional table for the matter
model. (A similar approach is adopted in some numerical-
relativity simulations of neutron-star mergers.) For the APR
model, we find that, for certain values of (7, n,), ua does
not change sign with varying Y.. We therefore restricted
the two-dimensional grid to 0.01 <7/MeV <230 and
1.3 x 1077 < n,/fm™3 < 2.5, where equilibrium can be
enforced.

Then we interpolate the quantities on the new, two-
dimensional grid. To calculate the equilibrium star, we
invert p = p(T,n,) to obtain ny, = ny(T, p). Given the
temperature 7', this is sufficient information to integrate the

°It is worth noting that second derivatives of the fundamental
potential are not independent. They are related via the Maxwell
relations. The Maxwell relation that simplifies Eq. (25) is

(ap/aT)nb.Ye = _”%(as/a”b)T,ye-

structure equations (12), as well as Eq. (13). The perturba-
tion equations need I' = I'(T, n,) and I'y = T'y(T, ny,). To
determine I', we require

dy aY dTr aY

e __ e 24 e i (27)
dl’lb oT ny dl’lb dnb T
which is inferred from Y, = Y.(T, ny). This concludes the

description of how a three-parameter matter model enters
the perturbation problem.

A. A cold neutron star

We are now in a position to determine the oscillation
modes of a neutron star described by the three-parameter
APR model [21]. First, we will explore the £ = 2 oscil-
lation spectrum of a neutron star of M, = 1.4M, with
constant 7 = 0.02 MeV. Since the temperature is uniform,
we have dT/dn, = 0. Due to the low-temperature cutoff
in the table (which is a typical feature in nuclear-matter
models), we must assume temperatures above that of
mature neutron stars (below 7 ~ 0.1 keV ~ 10° K). An
obvious alternative to this approach would be to use a zero-
temperature matter model with composition. However,
since our interest is in laying the foundations for exploring
thermal effects (which we do in Sec. IV B and for merger
simulations in Ref. [26]), we choose to work with the low-
temperature limit of a finite-temperature equation of state.
Still, at the chosen temperature the thermal pressure is fairly
weak compared to the fluid contribution and we expect the
results to be representative of a thermally cold neutron star.
We show in Fig. 1 the energy density and adiabatic indices
of the equilibrium neutron star, indicating the phase transi-
tion in the APR model from nucleonic matter (at low
densities) to a neutral pion condensate (at high densities), as
well as the location of neutron drip. The phase transition
occurs at ny, ~ 0.2 fm™3.

Our calculation is carried out in full general relativity and
therefore gravitational radiation is emitted by the modes.
The waves carry away energy and damp the oscillations,
which result in the eigensolutions being complex. Although
we allow for complex numbers in our numerical determi-
nation of the perturbations, we will only show the real parts
in our results, since the g-modes we focus on are weakly
damped and thus have small imaginary contributions to the
frequency.

In Fig. 2, we show a visualization of the oscillation
spectrum for quadrupolar perturbations. The figure presents
the amplitude of ingoing radiation A;, (with a particular
normalization to flatten out the spectrum) versus real-
valued frequencies [59]. A mode solution corresponds to
zeros of A, and appear as sharp singularities in Fig. 2.

With the spectrum visualized, we are in a position to
precisely determine the eigensolutions of the oscillation
modes. We start by searching for the fundamental f-mode
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FIG. 1. The profiles of the energy density (left panel) and adiabatic indices (right panel) in the cold neutron star described by the APR
equation of state at fixed 7 = 0.02 MeV. The two vertical, dashed lines in each panel correspond to the transition between nucleons to a
pion condensate in the APR model at high density (right) and neutron drip at low density (left). The phase transition produces a
discontinuity in the density, which results in sharp behavior in the indices. Neutron drip sources a change in the density derivative,
corresponding to the second sharp feature (at lower densities) in the background index I'. The difference between the adiabatic indices
quantifies the degree of stratification (composition and entropy gradients, in general) that support g-mode oscillations. At high densities,
the composition gradients are relatively weak and so the adiabatic indices are roughly similar. However, at densities surrounding neutron
drip a cavity develops, which provides an enhanced buoyancy force, giving rise to the higher frequency g,-mode.

05 gs-mode f-mode
e gs4-mode 9] g1-mode
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FIG. 2. The oscillation spectrum for quadrupolar perturbations of the cold neutron star, visualized with the ingoing gravitational-wave
amplitude against (real) oscillation frequency. The left panel focuses on a low-frequency portion of the spectrum, while the right panel
displays high frequencies. A narrow singularity corresponds to a slowly damped mode solution. The low-frequency singularities
represent the g-modes of the star, restored by stratification in the thermal and compositional gradients, and the phase transition. Vertical,
dash-dotted lines indicate the real frequencies of the oscillation modes summarized in Table I. The two highest frequency g-modes are
not visible in the low-frequency range, but can be seen in the right panel. The right panel shows the f-mode and the first few p-modes at
successively higher frequencies.

of the star. The f-mode is identified by its broad singula- Next, we examine the low-frequency perturbations.
rity in the spectrum (see the right panel of Fig. 2). We  We show the eigenfunctions of the first four g-modes in
find it with frequency Re(w)/(27) = 1.9123 kHz. As is  Fig. 3. The first g-mode—the ¢;-mode—has frequency
characteristic of f-modes, the eigenfunction gradually  Re(w)/(27) = 508.5 Hz. The sharp feature in its eigen-
increases away from the centre and is largest at the stellar ~ function indicates its association with the energy-density
surface. discontinuity at the phase transition from nucleonic matter
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FIG. 3. The radial-displacement eigenfunction of the first four

quadrupolar g-modes of the cold neutron star. The vertical,
dashed lines correspond to the features indicated in Fig. 1.
The g;-mode eigenfunction has a particularly prominent spike at
the energy-density discontinuity (the phase transition). Some of
the other g-modes have notable features at neutron drip.

to the pion condensate (around £/c? ~ 10'* gcm™3), shown
in the left panel of Fig. 1. The frequency for this oscillation
mode is higher than a typical g-mode. We will return to this
point in a moment.

The g-mode perturbations arise when there is stratifica-
tion in the fluid. As we have discussed, this naturally occurs
as the entropy and chemical composition vary in the stellar
profile. However, there is another form of stratification that
is expected to occur in neutron stars: phase transitions that
lead to discontinuities in the energy density. Such a phase
transition will exist at the interface between the fluid core
and elastic crust, and may arise in the high-density core if
there is, for example, quark deconfinement. These inter-
faces lead to the presence of discontinuity g-modes, also
commonly known as i-modes [6,75,76]. To clarify this
identification, we have also computed the mode spectrum
when the stratification is artificially removed by setting
I'y =T. For the unstratified stellar model, the high-fre-
quency portion is largely unchanged; the f-mode moves to
Re(w)/(27) = 1.9122 kHz. However, by removing the
composition gradients, the entire low-frequency spectrum
is eliminated; the only exception to this is a solution with
Re(w)/(2m) = 471.5 Hz. We see from its eigenfunction,
shown in Fig. 4, that it has two features that directly
correspond to the energy-density profile, including the
sharp feature at the phase transition. Thus, the i-mode of the
unstratified star and the g;-mode likely have the same
origin. However, their eigenfrequencies substantially differ.
We will continue referring to the oscillation of the stratified
neutron star as the g;-mode.

Finn [75] used a simple, toy model to explore the
functional behavior of the discontinuity modes. In particu-
lar, he found that the mode eigenfrequency scales with the

95 —20 —15 —10 —05 00
logyy(1 —7/R)

FIG. 4. The radial-displacement eigenfunction of the quadru-
polar i-mode of the unstratified, cold neutron star. An i-mode is
sourced by the presence of a first-order phase transition in the
stellar material. For the APR matter model we adopt here, this
phase transition occurs at high densities and is a transition from
nucleons to a pion condensate. The vertical, dashed lines
correspond to the features indicated in Fig. 1. We see that the
i-mode has the characteristic behavior, where its eigenfunction
rises from the stellar centre up to the position of the interface
(right vertical, dashed line) and then obtains a kink. The eigen-
function is qualitatively similar to that of the g;-mode encoun-
tered in the realistic, stratified neutron star shown in Fig. 3.

density jump and the depth at which the interface occurs.
We observe in the left panel of Fig. 1 that the discontinuity
that gives rise to the mode is large. Hence, the large
frequency of the g;-mode can be explained by the relatively
large discontinuity in the APR equation of state.

Another (less prominent) feature is seen in the g,-mode
eigenfunction at a different point in the star. This mode has
frequency Re(w)/(27) = 304.5 Hz and the sign change in
its eigenfunction derivative corresponds to neutron drip in
the crust at &/c? ~ 4 x 10'" gcm™. At neutron drip, Fig. 1
shows that the derivative of the energy density is discon-
tinuous, which is seen clearly in the profile of I". The
eigenfunctions in Fig. 3 show that other g-modes are
also sensitive to this feature. We note that the g,-mode
frequency is somewhat higher than typical g-mode oscilla-
tions in neutron stars (see, e.g., Ref. [7]). However, it is
not drastically dissimilar to recent calculations using the
BSk family of equations of state, where a g-mode solu-
tion was found with frequency in excess of 250 Hz for
BSk22 [25]. The high frequency is due to the large
compositional gradients supported by the APR equa-
tion of state, which is shown in the right panel of
Fig. 1. Around neutron drip, where the g,-mode eigen-
function changes behavior (see Fig. 3), the APR equation of
state at 7 = 0.02 MeV has larger composition gradients,
which provide a greater buoyancy force for oscillations in
this region.
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TABLE 1. The (real) eigenfrequencies of the quadrupolar
f-mode and first several g-modes of the cold neutron star
described by the APR equation of state.

Re(w)/(27)/Hz
f-mode 1912.3
g,-mode 508.5
gr-mode 304.5
g3-mode 126.1
g4-mode 116.6
gs-mode 112.6
ge-mode 89.1
g7-mode 72.1
gg-mode 71.7
go-mode 61.8

The left panel of Fig. 2 shows the spectrum of the rest of
the g-modes. We see that these oscillations are consistent
with typical g¢g-mode frequencies of Re(w)/(27)~
10-100 Hz [7,19,43]. We summarize the oscillations of
the cold neutron star in Table 1.

B. Thermal treatments

Having laid foundations in the cold regime, we now turn
our attention to exploring how the spectrum is modified
with higher temperatures. A typical neutron star is expected
to be formed from the remnant of a supernova. The neutron
star will be born hot and rapidly rotating, and will cool due
to the emission of photons and neutrinos [77-79]. The
expectation in general relativity is that the star will
eventually evolve toward uniform redshifted temperature,
where Te*/? = const [80]. However, in the intermediate
phases during the cooling, the neutron star will host a
nontrivial temperature profile. Indeed, recent studies of the

—1.52+

—1.541

—1.561

—1.581

logyo[T'(r) / MeV]

—1.60 1

95 20 —15 —10 —05 00
logyy(1 —7/R)

thermal evolution show that the matter reaches uniform
entropy per baryon, s = const, in the core quite rapidly [81]
and that the star obtains constant redshifted temperature
later [82]. Therefore, in this section, we will explore two
temperature prescriptions for the neutron star: uniform
redshifted temperature and constant entropy per baryon.
In Fig. 5, we present representative examples of these two
cases. In our integrations, the surface of the neutron star
was defined by when the pressure reaches the smallest
value for the given local temperature in the equation-of-
state table.

We examine uniform redshifted temperature first. In
order to compute the stellar equilibrium, we now specify
the redshifted temperature and use the shooting method to
satisfy the boundary condition on the metric potential at the
surface, e*(®) = 1-2M/R. The star’s temperature profile
results in a nonzero dT '/ dn,, (see the left panel of Fig. 5). To
determine this quantity, we first note that

dTr

T dv T dp

= —__ " —. 28
dnb 2 dl’lb €+ p dl’lb ( )
Then, combining Egs. (23) and (27), we obtain
ar _f(ory (%P (e
dn, [ \om, T.Y, e/ 1, \ON ) 1
-G, -GG
T aT ), v. Y ), \OT },, '
(29)

This information is required to determine I'.

As a consistency check, we calculated the perturbations of
a neutron star with Te*/?> = 0.02 MeV and found very few
differences as compared to the cold constant-temperature

1.0

logo[T(r) / MeV]

—1.071

—1.51

3 9 i 0
logyy(1 —7/R)

FIG. 5. The temperature profile of a neutron star with constant redshifted temperature of Te*/> = 0.02 MeV (left panel) and uniform
entropy per baryon of s = 0.25 (right panel). In the right panel, neutron drip (left) and the APR phase transition (right) are indicated with
vertical, dashed lines. These two aspects of the matter model give rise to sharp features in the temperature distribution. Both stars have
similar temperatures at the surface, 7' ~ 0.02 MeV, whereas the differences are appreciable within the interior.
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FIG. 6. The (real) quadrupolar mode eigenfrequencies of the neutron star against redshifted temperature (left panel) and entropy per
baryon (right panel). The eigenfrequencies correspond to the f- and first three g-modes. The f-mode is relatively insensitive to the
temperature in both cases, even up to temperatures of 7 ~ 1 MeV. As the star heats up, in the two panels, the f-mode gradually
decreases in frequency. This is due to the expansion in stellar radius. In contrast, the g-modes change drastically as the higher redshifted
temperatures source larger entropy gradients. However, in the second case, there are no entropy gradients and the g-modes are supported
entirely by composition gradients. The g;- and g,-modes steadily decrease in frequency, whereas the g;-mode rises.

model. The eigenfrequencies as reported in Table I are the
same to the accuracy provided.

Moving on, we now examine higher temperatures of the
neutron star. We determined the frequencies of the f-mode
and first three g-modes as functions of the redshifted
temperature in the range Te*/> =0.02—15 MeV. This
sequence of neutron stars share the same the baryon mass
of My = 1.4M . As the star is heated up, it goes from an
equilibrium radius of R =11.6 km up to R = 16.6 km.
The oscillation frequencies are displayed in the left panel
of Fig. 6.

As expected, the frequency of the f-mode—approximately

proportional to /M /R3>—decreases as the star expands.
Figure 6 shows that the f-mode frequency is relatively
insensitive to the temperature up to Te*/> ~ 1 MeV. The
situation is quite different for the g-modes.

Thermodynamically, temperature and entropy are con-
jugates of each other. Thus, as the star is heated, the entropy
gradients in the fluid become more pronounced. We
illustrate this effect in Fig. 7, where we show how I'
enlarges at lower densities with increasing temperature.
The steeper entropy gradients provide a stronger restoring
force for buoyant perturbations and cause the g-modes to
oscillate more rapidly. This is consistent with the behavior
seen in Fig. 6. These results are in qualitative agreement
with other studies [7,32].

Next, we consider the case of uniform entropy per
baryon throughout the star. To generate the background,
we inverted the equation-of-state table to make s an inde-
pendent variable, rather than 7". From this information, it is
trivial to pick a fixed s and solve the structure equations.
We display the resultant temperature profile for s = 0.25 in
the right panel of Fig. 5. We note that, in this case, the

351 — T =0.02MeV
-------- T =0.5MeV /\
301 === T =2MeV :
—— T =5MeV
2 2.57
g
)
2.0
1.51
1.01
10 10 102 10°
ny / fm™3
FIG. 7. The adiabatic index against baryon-number density for

finite-temperature APR nuclear matter. Each line corresponds to a
different (uniform) temperature, as indicated by the legend. As
the temperature increases, the matter is able to support enhanced
entropy gradients leading to higher frequency g-modes.

profile is sensitive to neutron drip and the phase transition
in the equation-of-state model.

To calculate the oscillation modes, we interpolated the
temperature as 7 = T(s, ny,), assuming chemical equilib-
rium, and obtained its derivative dT/dny, at fixed entropy
per baryon from the splines. This was sufficient informa-
tion to then compute the adiabatic index I". We explored the
range of s = 0.25-1.75 and the oscillation frequencies are
shown in the right panel of Fig. 6. The background stars
have My =14M, and the radii vary from R =11.6
to R = 14.1 km.
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The dependence of the f-mode on the entropy per
baryon is similar to the constant-redshifted-temperature
case. As the star expands, its frequency decreases. How-
ever, the g-modes have a different behavior. Since there are
no entropy gradients for this case, the g-mode oscillations
are supported by variations in the chemical composition. It
can be seen in Fig. 6 that the first two g-modes steadily
decrease their frequencies with increasing entropy per
baryon. This is in notable contrast to the previous thermal
model. The third g-mode frequency, however, increases.

V. CONCLUSIONS

In this paper, we have calculated the oscillation spectra
of neutron stars subject to finite-temperature nuclear matter,
implementing a realistic, tabulated equation of state. We
discussed how realistic, finite-temperature nuclear matter
enters the computation of neutron-star oscillation modes. In
paying close attention to the thermodynamics, we have
illustrated the implicit assumptions with one-parameter
(barotropic) matter models; zero temperature 7' = 0 and
the particle species maintaining chemical equilibrium
upa = 0. These assumptions will not hold for dynamical
situations, such as oscillating neutron stars, protoneutron
stars and during compact-binary coalescences.

With a view to constructing realistic neutron-star models,
we have focused our attention on three-parameter equations
of state, which represents the present state of the art in
nuclear astrophysics. With these equations of state, the
stellar material can support entropy and composition gra-
dients, giving rise to low-frequency g-mode oscillations.

As a demonstration, we adopted the APR equation of
state with finite temperature and examined the resultant
oscillation spectrum for 7 = 0.02 MeV. APR nuclear
matter involves a discontinuity in the energy density that
corresponds with the phase transition between nucleonic
matter and a neutral pion condensate. We identified
a discontinuity g-mode sourced by this interface in the
star. The likely explanation for its high frequency
Re(w)/(27) = 508.5 Hz is the large density jump in the
APR equation of state. We also calculated the first few
g-modes that arise from composition and entropy stratifi-
cation in the fluid.

Realistic, mature neutron stars are expected to possess
nontrivial temperature profiles as they gradually cool.
We examined the oscillation spectrum under two simple
prescriptions for the temperature dependence of the star. In
the first case, we considered uniform redshifted temper-
ature and showed how the eigenfrequencies of the g-modes
increased substantially with larger entropy gradients. For
the second prescription, we immersed the star in a constant

entropy-per-baryon profile. We noted how the first two
g-modes gradually decreased in frequency with varying
composition gradients, whereas the third g-mode frequency
steadily increased.

As we wrap up, it is worth making some final comments
on the implementation of the thermodynamics. Matter
models are typically provided as tables, owing to the
numerical complexity of computing nuclear interactions
at high densities. Since neutron-star models require this
information in functional form, we must resort to numerical
interpolation of the tabular data. We chose to work with
splines, since they are computationally efficient to use
and partial derivatives can be obtained trivially. A natural
improvement to our approach would be to use an inter-
polation method that is thermodynamically consistent
[83,84]. Indeed, the procedure outlined in Ref. [84] is
implemented in popular, open-source neutron-star codes
RNS [85] and LORENE [86]. We leave this extension for
future work.

Additionally, the oscillation modes depend on thermo-
dynamic derivatives—such as the first partial derivatives of
p = p(T, ny, Y.). Even in the cases where this information
is provided in the equation-of-state table, it is likely
obtained numerically, since the models do not lend them-
selves to analytical forms. When this is the case, numerical
differentiation is the only option. We determined this
information by interpolating the quantities using splines
and used the spline coefficients to estimate the derivatives.
As can be seen in Fig. 1, this gives rise to singular features
in the neutron-star profile, which leave their mark on the
oscillation spectrum. Along this vein, there have been some
welcome attempts to generate analytical representations for
thermal [87,88] and compositional features [89]. With the
goal of conducting reliable neutron-star asteroseismology
in the era of precision astronomy, these are important issues
to address.
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